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You may assume any standard properties of the sine, cosine and exponential func-
tions including the fact that they are continuous.

Question 1 [20 marks].

(a) Suppose A is a non-empty set of real numbers. Define the terms upper bound
and supremum as they apply to A. [4]

(b) State the completeness axiom for the real numbers R. [3]

Let A be a non-empty set of real numbers, and define B = {x2 : x ∈ A}.

(c) Show that B is bounded below. [3]

(d) Given an example of a set A such that A is bounded above but B is not. Briefly
explain why your example has the desired property. [4]

(e) Suppose inf(A) ≥ 0 and let a = sup(A). What is sup(B)? Carefully justify your
answer. [6]

Question 2 [20 marks]. Let (xn)∞
n=1 be a sequence of real numbers.

(a) Define (using a quantifier expression) what it means for (xn)∞
n=1 to be bounded. [3]

(b) Define (using a quantifier expression) what it means for a real number x ∈ R to
be an accumulation point of (xn)∞

n=1. [3]

(c) Define (using a quantifier expression) what it means for (xn)∞
n=1 to converge

to 0. [3]

(d) Let (xn)∞
n=1 be the sequence defined by xn = sin(1/n). Prove directly from the

definition that (xn)∞
n=1 converges to 0. You may use the fact that 0 < sin(x) < x

for all x ∈ (0, 1]. [7]

(e) Let (xn)∞
n=1 be the sequence defined by xn = sin n. Prove that (xn)∞

n=1 has an
accumulation point. You may use any of the standard results of the course,
provided it is correctly stated. [4]
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Question 3 [20 marks].

(a) Define what it means for the series
∞

∑
k=1

xk to converge to S. [3]

(b) Show that the series
∞

∑
k=1

xk converges in both the following cases:

(i) xk =
1

k(k + 1)
and (ii) xk =

(−1)k+1

k
. [8]

You do not need to give detailed proofs, as long as the main ideas are made
clear.

(c) Consider the statement:

“For every bijection φ : N→N it is the case that
∞

∑
k=1

xφ(k) =
∞

∑
k=1

xk.”

Express the meaning of this statement as precisely as possible using English
sentences with few, if any, mathematical symbols. [4]

(d) Is the statement in part (c) true of the series (i) and (ii) defined in part (b)?
Briefly justify your answer. [5]

Question 4 [20 marks]. Let f : R→ R be a function, a ∈ R be a real number, and
(xn)∞

n=1 be a sequence of real numbers.

(a) Define (using a quantifier expression) what it means to say that f is continuous
at a. [3]

(b) Prove: If f is continuous at a and (xn)∞
n=1 converges to a, then ( f (xn))∞

n=1
converges to f (a). [10]

(c) For β ∈ R, define the function f : R→ R by

f (x) =


0 if x < 0,
β if x = 0,
1 if x > 0.

Find the limit of ( f (xn))∞
n=1 when (i) xn = 1/n and (ii) xn = −1/n. [4]

(d) Deduce that the function f in part (c) is not continuous at a = 0 for any β ∈ R. [3]
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Question 5 [20 marks].

(a) State the Intermediate Value Theorem. [4]

Now let f (x) = xex + c, where c ∈ R.

(b) Briefly explain why the function f is continuous. [3]

(c) Prove that, if c ≤ 0, then the equation f (x) = 0 has at least one solution with
x ≥ 0. [6]

(d) Prove that, if 0 < c < e−1, then the equation f (x) = 0 has at least two solutions
with x < 0. You may assume that the sequence (ne−n)∞

n=1 converges to 0. [7]

End of Paper.
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