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Today (first hour)

• What is the module about? 


• Organisation of the module + questions



We’re Going to Learn about 
Computer Programming, Right?

Wrong!



“Programming”
• The term “Programming” often has a different meaning in 

Operational Research: 
 
 

• In this module, it means we will see how to:


• Model decision-making problems mathematically


• Find an optimal solution


• For example, a “programme” for production.

“A mathematical method of solving practical problems (e.g. 
allocation of resources) by means of linear functions where 
the variables involved are subject to constraints”



Mathematical Program

1.1. Introduction MTH5114 (Spring 2020)

We can do the same thing for each of the other three vitamins, to get the following
3 inequalities:

0.1x1 + 0.1x2 + 0.53 + 1.2x4 + 0.1x5 + 0.1x6 � 1.1 (1.3)

1.3x1 + 1.1x2 + 0.1x3 + 0.2x4 + 0.5x5 + 4.2x6 � 13 (1.4)

0.0x1 + 0.0x2 + 0.0x3 + 0.0x4 + 95.8x5 + 28.7x6 � 35 . (1.5)

So, we want to select some non-negative values x1, x2, x3, x4, x5, and x6so that (1.1)
is minimised, under the constraint that our values must satisfy inequalities (1.2),
(1.3), (1.4), and (1.5). We write this formally as follows:

minimise 0.25x1 + 0.60x2 + 0.85x3 + 1.00x4 + 0.80x5 + 0.50x6

subject to 0.1x1 + 0.2x2 + 0.0x3 + 0.2x4 + 0.2x5 + 0.2x6 � 0.8

0.1x1 + 0.1x2 + 0.5x3 + 1.2x4 + 0.1x5 + 0.1x6 � 1.1

1.3x1 + 1.1x2 + 0.1x3 + 0.2x4 + 0.5x5 + 4.2x6 � 13

0.0x1 + 0.0x2 + 0.0x3 + 0.0x4 + 95.8x5 + 28.7x6 � 35

x1, x2, x3, x4, x5, x6 � 0

(1.6)

This is an example of what we call a mathematical program. Let’s look at the parts
in more detail:

Definition 1.1 (Mathematical Program). A mathematical program represents
an optimisation problem. It consists of 4 components:

1. A set of decision variables which may have sign restrictions. We give
these as a list at the bottom of the program, and say which variables
are non-negative (� 0), which variables are non-positive ( 0), and
which variables can be either positive or negative (we say these last are
unrestricted).

2. An objective function, that represents some function of the decision vari-
ables that we are trying to optimise. This appears in the first line of the
program, together with the next component...

3. A goal, which specifies whether we are trying to maximise or minimise
the objective function—that is, do we want to set the variables to make
this function as large as possible or do we want to set them to make it
as small as possible?

4. A set of constraints, given by equations and inequalities relating the
decision variables. We are only allowed to choose values for our variables
that make all of these inequalities and equations are true. These appear
after the phrase “subject to.”.
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1.1. Introduction MTH5114 (Spring 2019)

Example 1.1. A university student is planning her daily food budget. Based
on the British Nutrition Foundation’s guidelines for an average female of her
age she should consume the following daily amounts of vitamins:

Vitamin mg/day
Thiamin 0.8

Riboflavin 1.1
Niacin 13

Vitamin C 35

After doing some research, she finds the following cost, calories, and vitamins
(in mg) per serving of several basic foods:

Food Cost Thiamin Riboflavin Niacin Vitamin C
Bread £0.25 0.1 0.1 1.3 0.0
Beans £0.60 0.2 0.1 1.1 0.0
Cheese £0.85 0.0 0.5 0.1 0.0
Eggs £1.00 0.2 1.2 0.2 0.0

Oranges £0.80 0.2 0.1 0.5 95.8
Potatoes £0.50 0.2 0.1 4.2 28.7

How can the student meet her daily requirements as cheaply as possible?

In the interest of simplicity, our example does not consider the requirements for
several Vitamins like B6, B12, Folate, A, and D, as well as limits on calories,
protein, fats, and sugars. However, this approach could easily be extended to the
full case; one early application of linear programming did exactly this.

To model this problem, we can introduce use six variables x1, x2, x3, x4, x5, and
x5 to express, respectively, the number of servings of bread, beans, cheese, eggs,
oranges, and potatoes the student purchases daily. Then, the total daily cost can
be written as:

0.25x1 + 0.60x2 + 0.85x3 + 1.00x4 + 0.80x5 + 0.50x6 . (1.1)

Now, we need to make sure that we eat enough of each of the 4 vitamins in our
example. If we look at the nutritional table, the number of milligrams of Thiamin
in the student’s daily diet can be expressed as:

0.1x1 + 0.2x2 + 0.0x3 + 0.2x4 + 0.2x5 + 0.2x6

Continuing in this way for each constraint (we will describe this process in more
detail next week), we arrive at the following mathematical model of our prob-
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Mathematical Program
Goal Objective Function

D

Constraints Variables Restrictions

1.1. Introduction MTH5114 (Spring 2020)
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This is an example of what we call a mathematical program. Let’s look at the parts
in more detail:

Definition 1.1 (Mathematical Program). A mathematical program represents
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1. A set of decision variables which may have sign restrictions. We give
these as a list at the bottom of the program, and say which variables
are non-negative (� 0), which variables are non-positive ( 0), and
which variables can be either positive or negative (we say these last are
unrestricted).

2. An objective function, that represents some function of the decision vari-
ables that we are trying to optimise. This appears in the first line of the
program, together with the next component...

3. A goal, which specifies whether we are trying to maximise or minimise
the objective function—that is, do we want to set the variables to make
this function as large as possible or do we want to set them to make it
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4. A set of constraints, given by equations and inequalities relating the
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maximise x1 + 2x2

subject to x2  5

x1 + x2  8

2x1 +
1

2
x2  12

x1, x2 � 0

(3.1)

If we sketch the constraints and shade the feasible region, we get something like
this:

§§

x
1
+
x
2
=
8

x2 = 5

2x
1
+

12 x
2
=

1
2

x1

x2

In our diagram, we have labelled each constraint of the form aTx  b boundary
with the associated equation aTx = b, and also drawn a normal vector for each
boundary corresponding to a: the first constraint has aT = (0, 1), the next has
aT= (1, 1), and the last has aT= (2, 12). This vector shows us in which direction
the left hand side of the corresponding constraint is increasing, and so we shade
the opposite side of the line as the feasible region. Finally, notice that we also
must remember to included the restrictions x1 � 0 and x2 � 0, which give the left
and lower boundaries of the feasible region, respectively.
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Our goal is then to find a solution in the shaded region that makes the dot-
product cTx as large as possible. This is again, just a linear combination, so we
know that for any constant z, the set of all solutions for which cTx = z will be
a line perpendicular to c. Recalling the definition of an optimal solution, x is
optimal if and only if x lies in the feasible region and no other feasible solution x0

has cTx0 = cTx. In terms of the value z of the objective function, we want to find a
line perpendicular to c that intersects at least one solution of the feasible region so
that no other part of the feasible region lies on the side of this line corresponding
c—any such solution x0 would correspond to a feasible solution making cTx0 larger.
Graphically, we imagine increasing our value z slowly, sweeping our perpendicular
line along in the direction that c solutions. We continue as long as this line
intersects the feasible region in at least 1 solution. We stop when sweeping the
line any further out causes it to no longer intersect the feasible region. Then, any
solution that lies the line w

The picture below shows the vector c, together with dotted red lines corre-
sponding to those solutions x with cTx = 1, 2, . . . , 13.1 Once we reach the line
cTx = 13, we find that if sweep it even a tiny amount further then no solution
along it lies inside the feasible region. This line is depicted by the solid red line
(we have also shown here again the vector indicating the direction c). The red
point xT= (3, 5) is the only point in the feasible region lying on this final line, so

1
Here, we have plotted only the integer values, but you should always imagine this happening

continuously. It just so happens that here our optimal objective takes an integer value 13, but

this will not always be the case.
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Simplex Algorithm
• We will see that there is a simple algorithm that is 

guaranteed to optimally solve all mathematical programs 
of this form.


• For our diet example, the optimal solution costs: £2.27 

• It consists of (daily): 


• 2.03 servings of bread


• 0.54 servings of eggs


• 2.44 servings of potatoes



1.1. Introduction MTH5114 (Spring 2019)

x that optimises (i.e. maximises or minimises, depending on our goal) the objective
function”. We call the solution that optimises the objective an optimal solution.

In fact, we will see that the above minimisation problem is a linear program.
These problems are the main focus of this module. We will spend the first few
weeks of this module learning how to formulate problems as linear programs (LPs
for short) and gaining some geometric intuition for LPs in 2 and 3 dimensional
space.

Why should we care about linear programs in the first place, though? We will
then see that there is in fact an algorithm called the Simplex Algorithm that is
guaranteed to find the best possible solution for any linear program! Feeding the
above program into a commercial solver based on this algorithm gives the following
answer : the best daily diet costs about £2.27, and consists of approximately 2.03
servings of bread, 0.54 servings of eggs, and 2.44 potatoes per day.

1.1.2 Duality and Game Theory

After studying the Simplex Algorithm, we will move on to the notion of duality
which will ultimately lead us to theories of 2-player games from economics. Let’s
consider another example:

Example 1.2. Suppose you run a company that sells dietary supplements.
You make four kinds of tablets for, respectively, Thiamin, Riboflavin, Niacin,
and Vitamin C. You decide to market them to poor university students as a
cheaper way to meet their daily vitamin requirements. How should you price
your supplements to maximise the revenue you can obtain for one day’s worth
of supplements?

We can use a set of 4 variables y1, y2, y3, and y4 to represent the price you charge
(in £) for 1mg of Thiamin, Riboflavin, Niacin, and Vitamin C, respectively. We
know from the previous example, that each day a student will need to consume
0.8 mg of Thiamin, 1.1 mg of Riboflavin, 13mg of Niacin, and 35 mg of Vitamin
C. So, we can write our overall revenue for one day’s worth of tablets as:

0.8y1 + 1.1y2 + 13y3 + 35y4 (1.3)

However, we need to be careful: we want to make sure that our supplements are
no more costly than a regular diet, or else no one will buy them! We know from
the previous example that a single serving of bread contains 0.1mg of Thiamin
and Riboflavin, 1.3mg of Niacin and 0mg of Vitamin C, but costs only £0.25. So,
we should make sure that this mixture of supplements is no more expensive than
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be written as:

0.25x1 + 0.60x2 + 0.85x3 + 1.00x4 + 0.80x5 + 0.50x6 . (1.1)
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(in mg) per serving of several basic foods:

Food Cost Thiamin Riboflavin Niacin Vitamin C
Bread £0.25 0.1 0.1 1.3 0.0
Beans £0.60 0.2 0.1 1.1 0.0
Cheese £0.85 0.0 0.5 0.1 0.0
Eggs £1.00 0.2 1.2 0.2 0.0

Oranges £0.80 0.2 0.1 0.5 95.8
Potatoes £0.50 0.2 0.1 4.2 28.7

How can the student meet her daily requirements as cheaply as possible?

In the interest of simplicity, our example does not consider the requirements for
several Vitamins like B6, B12, Folate, A, and D, as well as limits on calories,
protein, fats, and sugars. However, this approach could easily be extended to the
full case; one early application of linear programming did exactly this.

To model this problem, we can introduce use six variables x1, x2, x3, x4, x5, and
x5 to express, respectively, the number of servings of bread, beans, cheese, eggs,
oranges, and potatoes the student purchases daily. Then, the total daily cost can
be written as:

0.25x1 + 0.60x2 + 0.85x3 + 1.00x4 + 0.80x5 + 0.50x6 . (1.1)

Now, we need to make sure that we eat enough of each of the 4 vitamins in our
example. If we look at the nutritional table, the number of milligrams of Thiamin
in the student’s daily diet can be expressed as:

0.1x1 + 0.2x2 + 0.0x3 + 0.2x4 + 0.2x5 + 0.2x6

Continuing in this way for each constraint (we will describe this process in more
detail next week), we arrive at the following mathematical model of our prob-
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Daily Profit:
0.8y1 + 1.1y2 + 13.0y3 + 35.0y4
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Bread Constraint:
0.1y1 + 0.1y2 + 1.3y3 + 0.0y4  0.25
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Mathematical Program

Optimal Solution: £2.27

1.1. Introduction MTH5114 (Spring 2020)

Example 1.2. Suppose you run a company that sells dietary supplements.
You make four kinds of tablets for, respectively, Thiamin, Riboflavin, Niacin,
and Vitamin C. You decide to market them to poor university students as a
cheaper way to meet their daily vitamin requirements. How should you price
your supplements to maximise the revenue you can obtain for one day’s worth
of supplements?

We can use a set of 4 variables y1, y2, y3, and y4 to represent the price you charge
(in £) for 1mg of Thiamin, Riboflavin, Niacin, and Vitamin C, respectively. We
know from the previous example, that each day a student will need to consume
0.8 mg of Thiamin, 1.1 mg of Riboflavin, 13mg of Niacin, and 35 mg of Vitamin
C. So, we can write our overall revenue for one day’s worth of tablets as:

0.8y1 + 1.1y2 + 13y3 + 35y4 (1.7)

However, we need to be careful: we want to make sure that our supplements are
no more costly than a regular diet, or else no one will buy them! We know from
the previous example that a single serving of bread contains 0.1mg of Thiamin
and Riboflavin, 1.3mg of Niacin and 0mg of Vitamin C, but costs only £0.25. So,
we should make sure that this mixture of supplements is no more expensive than
£0.25. In other words we want to set our prices so that:

0.1y1 + 0.1y2 + 1.3y3 + 0.0y4  0.25 . (1.8)

Similarly, we obtain an inequality for each of the remaining 4 foods in Example 1.1.
Proceeding as before, we can write the problem as the following linear program:

maximise 0.8y1 + 1.1y2 + 13y3 + 35y4

subject to 0.1y1 + 0.1y2 + 1.3y3 + 0.0y4  0.25

0.2y1 + 0.1y2 + 1.1y3 + 0.0y4  0.60

0.0y1 + 0.5y2 + 0.1y3 + 0.0y4  0.85

0.2y1 + 1.2y2 + 0.2y3 + 0.0y4  1.00

0.2y1 + 0.1y2 + 0.5y3 + 95.8y4  0.80

0.2y1 + 0.1y2 + 4.2y3 + 28.7y4  0.50

y1, y2, y3, y4 � 0

(1.9)

If we solve this LP, we find that the best set of prices give a total value of £2.27.
This is exactly the same answer as our previous example! This is not a coincidence,
but a rather a consequence of duality. We will see that every minimisation LP has
an associated maximisation LP called its dual and that their optimal solutions
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Duality

• Every linear mathematical minimisation problem has an 
associated maximisation problem.


• This problem is called the dual.


• A problem and its dual always have the same optimal 
value.



Game Theory
• Covered in last 2-3 weeks of the module.


• We can imagine this as a sort of “game” between the 
student and the vitamin profiteer.


• In general, this leads to a theory of decision making in 
competition with another agent.


• This is called “Game Theory” and is a major topic in 
economics (worth 11 Nobel prizes!)\


• Invented by John Nash
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utility function. We will also assume that the amounts won or lost by the players
correspond to their payo↵ functions (if not, we could just rephrase the game so
that each “wins” or “loses” an amount equal to however much they value the
outcome). Here is an example of how we represent a game with payo↵ matrix:

Example 10.1. Suppose that Rosemary and Colin each have 2 cards, labelled
with a 1 and a 2. Each selects a card and then both reveal their selected cards.
If the sum s of the numbers on their cards is even, then Rosemary wins and
Colin must pay her this s. Otherwise, Colin wins and Rosemary must pay
him s.

In this case, each player has 2 strategies, corresponding to whether to choose their
1 card or 2 card. For simplicity, let’s name these strategies “1” and “2”. Then,
the payo↵ matrix for this game is given by:

1 2
1 (2,�2) (�3, 3)
2 (�3, 3) (4,�4)

Note that in each entry of the matrix, we always write Rosemary’s payo↵ first and
Colin’s payo↵ second.

The game in this example has a special structure. Namely, you can see that
Rosemary and Colin’s payo↵s sum to zero in every outcome. in other words,
whatever Rosemary gains, Colin loses, and vice versa. These games model purely
competitive scenarios, and are called zero-sum games:

Definition 10.3 (Zero-Sum Game). A two-player strategic game is a zero-sum
game if and only if for every possible outcome (a1, a2) 2 A1 ⇥ A2 we have
u1(a1, a2) = �u2(a1, a2). In other words, for any possible outcome, the sum
of the payo↵s to both players is zero.

When thinking about zero-sum games, we can save ourselves some trouble by
just listing Rosemary’s entries in the payo↵ matrix. We know that Colin’s payo↵s
will then be the opposite of whatever appears in the matrix. In the previous
example, we could have just given the payo↵ matrix as:

1 2
1 2 �3
2 �3 4

Let’s see a couple of other examples of zero-sum games:

122

• We will see how to mathematically model such games 
and use linear programming to find optimal strategies for 
both players.


• What is the best strategy for each player? Is this a fair 
game?
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• We will see how to mathematically model such games 
and use linear programming to find optimal strategies for 
both players.


• In this example, we can show that the optimal strategy for 
Rosemary is to select her cards randomly:

• Card 1 with probability 7/12 

• Card 2 with probability 5/12 


• We can show that this game is unfair and the best that 
Rosemary can do will require her to pay Colin 1/12 in 
expectation.
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Assessment
• 20% of grade from 3 Courseworks worth 6.67% each (due every 3-4 

weeks)


• 1 or 2 coursework questions set each week 


• all solutions to these will to be submitted every 3-4 weeks 
(deadlines given on QMplus).


• Must be submitted on QMplus as PDF (legible scans / photos OK).


• Late submissions not accepted.


• Coursework graded within 2 weeks with feedback.


• 80% of grade from final exam


• This will be an in-person exam 3 hour exam.


• 2 past papers with solutions will be made available on QMplus. 


• Other past exam questions will be covered in seminars. 



Teaching Schedule
• Lectures  

• Thursday 15:00-18:00  (Arts Two LT + zoom (if it works))


• Zoom recordings and/or Q-review recordings on QMplus


• Will try to break up the lectures with 


• breaks


• small activities / quizzes


• Seminars (check your timetable)


• Will cover "seminar questions" including past exam questions. 


• Try to look at some seminar questions before the seminar 


• Opportunity to get feedback on your work and ask questions



Composition
• Breakdown of module 

• New concepts (~20%)


• Modelling (~15%)


• algorithms / procedures / methods (~40%)


• Proofs (~25%)


• Warning: First proof comes up in Week 4


• Small list of non-examinable content given at the end



Resources

• Lecture notes


• Complete printed lecture notes from past years on 
QMplus (longer / more detailed explanations)


• Handwritten notes / slides posted each week on 
QMplus (shorter / more direct)


• Recordings of lectures available on QMplus.


• Recommended books / articles (completely optional)



More Help
• Seminars


• Student forum on QMplus for questions 


• If something in the notes or lectures is unclear to you, 
then probably others are having the same problem!


• You can answer each other's questions. 


• Can email questions to me at viresh.patel@qmul.ac.uk


• Learning Support Hour: Tuesdays 14:00-15:00 in the School 
Social Hub (MB-B11)


• Ask questions in lectures / during break



Expectations
• Follow material from each week  


• Attend/watch lectures

• Read board/printed notes

• Look at checklist


• Engage with seminars 

• Briefly look at seminar questions in advance

• Attend seminar, attempt seminar questions

• Ask for feedback / ask questions 
• Make sure you understand solutions


• Coursework

• Attempt weekly coursework exercises

• Submit all these exercises by given deadline




QMplus



Rest of the Lecture

• Review of Linear Algebra


• Notation and conventions used throughout the module


• Key definitions for linear programs.


