Week 3: “Nature does not care
about our mathematical difficulties;
She integrates empirically.”*

Object oriented programming and numel tion of ODEs




1.
2.

Important announcements

THIS COURSE HAS CHANGED SINCE LAST YEAR

| will discuss coursework in more detall later, but the first will provided at the
start of week 4 and will be worth 20% - it will be similar in format to the final
one (worth the remaining 80%), just shorter, so it will provide a practice.

IT WILL NOT BE THE SAME FORMAT OR CONTENT AS LAST YEAR!

. There is one lecture and one tutorial per week. | strongly encourage you to

attend both in person. If you have little previous experience in coding /
python, | encourage you to come to the learning support hour, and | will
cover the material again at a slower pace.



Plan for today

1.

Object oriented programming in python - class based approach rather than
functional approach

. Revision of ordinary differential equations (ODES)

How to solve ODEs numerically - explicit methods - Euler’s method,
solve_ivp() method in scipy

Convergence - how do you know it has worked?

. Tutorial: Classes for shapes and predator-prey equations



Classes

- RN R
‘It's a control thlng : why

are we so fascinated by
= super-organised homes?

O All present and

Classes are a way of “packaging things up” in a very satisfying way so things that are related
are kept together in a neat way.
If your cupboards look like this, you will like classes.



You have probably coded in this way
up until now, and take it for granted
that this is the right way to do it

Functional coding style

def move_point(a_point,dx,dy) :
xnew = a_point[0] + dx
ynew = a_point[1] + dy
return np.array([xnew,ynew])

def calculate_distance_between_two_points(A, B) :

return np.sqrt((A[@] - B[0T)**%2.0 + (A[1] - B[1])%x2.0) What are the values of Point

# Create variables P and Point Q7
point_P = np.array([1.0, 2.0])

print(point_P)

point_Q = np.array([3.0, 5.5])

point_Q = move_point(point_Q, 1.0, 2.0)
print(point_Q)

plt.plot(point_P[@], point_P[1], 'o', label="P")
plt.plot(point_Q[@]1, point_QI[1], 'o', label="Q")
plt.grid()

plt. legend();



You have probably coded in this way
up until now, and take it for granted
that this is the right way to do it

Functional coding style

def move_point(a_point,dx,dy) :

Xxnew = a_point[0] + dx ® P
ynew = a_point[1] + dy T @
return np.array([xnew,ynew])

def calculate_distance_between_two_points(A, B) :

return np.sqrt((A[0] - B[0])**2.0 + (A[1] = B[1])*%2.0) 5]
# Create variables 4 -
point_P = np.array([1.0, 2.0])
print(point_P) 3 -
point_Q = np.array([3.0, 5.5])
point_Q = move_point(point_Q, 1.0, 2.0) 21 o

print(point_Q) 10 15 20 25 3.0 35 4.0
plt.plot(point_P[@], point_P[1], 'o', label="P")

D Plog(o matol, point QLiL, o, label="d™) Points represented as variables

plt.legend(); Functions act on variables
[1. 2.]
[4. 7.5]



Object oriented programming - Classes

# Points class

class Point : Here instead I1s a Point class.

Represents a point 1in a 2D space

attributes: x, y, name Now the functions live within the class:
We call them methods

# constructor function
# The double underscores indicate a private method or variable

# not to be accessed outside the class (in principle) NOW the ValueS Of the Variab|eS ”VG
def __init__ (self, x=0.0, y=0.0, name = ""): .
self.x = x W|th|n the ClaSS:
f.y = .
zglf.zamey= name We Ca” them attrlbUteS

def print_point(self) :
print("Point ", self.name, "is", self.x, self.y)

# Note that we don't use self here so don't need to pass it 1in

# (This is a static function - it does not require an instance of the class) FJE]rT]IrISJ:

def calculate_distance_between_two_points(A, B) :
return np.sqrt((A.x = B.x)*%2.0 + (A.y = B.y)*%2.0) Classes are nouns

def move_point(self,dx,dy) : Classes are named in CamelCase
self.x += dx .
self.y += dy e.g. FluffyCat, Point, Rectangle etc

def plot_point(self, ax) :
ax.plot(self.x, self.y, 'o', label=self.name)|



Classes - how to define a class

# Points class
class Point :
Represents a point 1in a 2D space

attributes: x, y, name

# constructor function

e I Classes have an initialiser or
T b “constructor” function that sets the
fuy = -
zg{f.zamet name key attrlbUteS

def print_point(self) :
print("Point ", self.name, "is", self.x, self.y)

# Note that we don't use self here so don't need to pass it 1in

# (This is a static function - it does not require an instance of the class) The methOdS can aCt on the attribUteS

def calculate_distance_between_two_points(A, B) :

return np.sqrt((A.x - B.x)¥#2.0 + (A.y - B.y)++2.0) (out they don’t have to, the main thing
def r:gx{iisoiztéielf,dx,dyw Is that they are somehow related to

self.y += dy how the object the class represents
def plot_point(self, ax) : behaves)

ax.plot(self.x, self.y, 'o', label=self.name)|



Classes - how to use a class

# Some examples of using the Points class \We make an instance of the class (We
firSt_pOint - POiﬂt(l.@,Z.@,"P") M. . gy . =
first_point.print_point() instantiate” it), which we refer to as an object

second_point = Point(3.0,5.5,"Q")
second_point.move_point(1.0, 2.0)
second_point.print_point()

# Use the static function

distance = Point.calculate_distance_between_two_points(first_point,second_point)
print("Distance is ", distance)

lt.plot() . .
glt.gr(i)d() \ Note that the static method is

g{’;;}ggg{g; gg;ggg; accessed using Point.method()

ax = plt.gcf().gca() not object.method)
first_point.plot_point(ax)

second_point.plot_point(ax) . . . , , ,
third_point.plot_point(ax) Think of this as Hey, first pomt, go and prlnt

plt. legend() yourself!”



Classes

# Cat class

class FluffyCat :

Represents a fluffy cat
Attribute: 777

Methods: 777

What could the Cat class attributes and methods be?



Classes

# Cat class

class FluffyCat :

Represents a fluffy cat

attributes: fluffiness (int, scale of 1 to 10),
hungriness (int, scale of 1 to 10),
colour (string)
name (string)

methods:
feed cat()
change_cat_name()
brush cat()



Classes - a cat with a colour

# Cat class

class FluffyCat :

Represents a fluffy cat

Attribute: colour

Methods: print the colour of the cat
cat_colours = ["black", "ginger", "pink"]

# constructor function

def init (self, colour = cat_colours[0]):

self.colour = colour

def print_colour(self)
print(self.colour)

my_cat = FluffyCat()
my_cat.print_colour()

black



# Cat class

class FluffyCat :

Classes

Represents a fluffy cat

Attribute: colour

Methods: print the colour of the cat
cat_colours = ["black", "ginger", "pink"]

# constructor function

def __init_ (self, colour = cat_colours[0]):

self.colour = colour

def print_colour(self) :
print(self.colour)

my_cat = FluffyCat()
my_cat.print_colour()

black

print(cat_colours[0])

NameError Traceback (most recent call last)

/var/folders/p9/hydj_8nx5w3c8rkwjmgvty5re000gp/T/ipykernel_20835/868534374.py 1n <mod

~——=> 1 print(cat_colours|[?])

NameError: name 'cat_colours' is not defined What iS WrOng?



# Cat class

class FluffyCat :

Classes

Represents a fluffy cat

cat_colours = ["black", "ginger", "pink"]

# constructor function
def __init__ (self, fluffiness=10, hungriness=0, name = "", colour = cat_colours|[@]):
self.fluffiness fluffiness
self.hungriness = hungriness
self.name = name
self.colour = colour

def print_colour(self) :
print(self.colour)

my_cat = FluffyCat()
my_cat.print_colour()

black

print(FluffyCat.cat_colours[@]) # Access via the class definition without an instance of the class
print(my_cat.cat_colours[0]) # Access via the class object that has been created

black
black  For something common to ALL cats, | would favour the first option



# Cat class

class FluffyCat :

Classes

Represents a fluffy cat
Attribute: colour

Methods: print the colour of the cat

cat_colours = ["black", "ginger", "pink"]

# constructor function

def __init_ (self, colour = cat_colours[0]):
self.colour = colour

def print_colour(self) :
print(self.colour)

my_cat = FluffyCat()
my_cat.print_colour()

black

my_cat.init(FluffyCat.cat_colours[1])

AttributeError Traceback (most recent call last)

/var/folders/p9/hydj_8nx5w3c8rkwjmgvty5r0000gp/T/ipykernel_20835/3253530536.py 1n <mo

~——=> 1 my_cat.init(FluffyCat.cat_colours|[1])
AttributeError: 'FluffyCat' object has no attribute 'init' What Is Wrong?

o
Ju Le-



# Cat class

class FluffyCat :

Classes

Represents a fluffy cat
Attribute: colour

Methods: print the colour of the cat

cat_colours = ["black", "ginger", "pink"]

# constructor function

def __init_ (self, colour = cat_colours[0]):
self.colour = colour

def print_colour(self) :
print(self.colour)

my_cat = FluffyCat()
my_cat.print_colour()

black

my_cat.colour = FluffyCat.cat_colours[1]
my_cat.print_colour()

ginger  The underscores __ mean that init is a private method

that should not be accessed outside the class.
Instead we can modify directly the attribute.



# Cat class

Classes

class FluffyCat :

Represents a fluffy cat

An even better
ES()'LJti()f] iES t() \A/ritEB Methods: print the colour of the cat, change colour of cat
a modifier function
that a”OWS you -to cat_colours = ["black", "ginger", "pink"]
C3r1€1r1§353 tr1€3 C3C)|C)Ljr; zegojiiggiiizsgggftégQOur = cat_colours[0]):
towhichyoucan 7 00

add asserts and orint(self.colour)

C)tr]eer'(3()r](jiti()r155 t() def change_colour(self, new_colour) :

assert new_colour in self.cat_colours, 'Need to specify one of the allowed cat colours'
make sure It IS
my_cat = FluffyCat()

self.colour = new_colour
ESEBr]E;It)IE} Eir](j my_cat.change_colour(FluffyCat.cat_colours[2])

my cat.print_colour()
prevent user error "

my_cat.change_colour('green") #Returns an error

pink



Classes

ginger_cat = FluffyCat(FluffyCat.cat_colours[1])
pink_cat = FluffyCat(FluffyCat.cat_colours[2])
new_cat = ginger_cat + pink_cat
new_cat.print_colour()

TypeError Traceback (most recent call last)
/var/folders/p9/hydj_8nx5w3c8rkwjmgvty5r0000gp/T/ipykernel_21077/3432849571.py 1n
1 ginger_cat = FluffyCat(FluffyCat.cat_colours(1])

2 pink_cat = FluffyCat(FluffyCat.cat_colours(2])
--—=> 3 new_cat = ginger_cat + pink_cat
4 new_cat.print_colour()

TypeError: unsupported operand type(s) for +: 'FluffyCat' and 'FluffyCat'

What is wrong?



# Cat class

Classes

class FluffyCat :

Represents a fluffy cat

Attribute: colour

Need to tell python how to

Methods: print the colour of the cat

add cats
cat_colours = ["black", "ginger", "pink"]
There is a specific syntax for Sef Nl LulT olour . cavcoloiinsal)
each of the arithmetic and self.colour = colour
IOQ'CaI OperatOrS +, ~ >, and, jucs Eﬁfgaéaiifil;dgih:r%i;(self.cat_colours.index(self.colour),
self.cat_colours.index(other.colour))
or etC tO a”OW you tO baby cat_colour = self.cat_colours[min_colour_index]
_ baby_cat = FluffyCat(baby_cat_colour)
override them for your new return baby_cat
type (ie, your class) gl Lo el €

ginger_cat = FluffyCat(FluffyCat.cat_colours[1])
pink_cat = FluffyCat(FluffyCat.cat_colours([2])
new_cat = ginger_cat + pink_cat
new_cat.print_colour()

ginger



Inheritance

A Lion is a Cat

Therefore we
want to inherit
the Cat
properties into
the Lion class

What Is printed
here?

# Lion class

class Lion(FluffyCat):

Represents a Lion, which is a FluffyCat
Attribute: colour, strength

Methods: increase the strength of the Lion
(plus inherit all of the FluffyCat methods)

def __init__ (self, colour = FluffyCat.cat_colours([0], strength=10)
self.colour = colour
self.strength = strength

def increase_strength(self, increment)
self.strength += increment

my_lion = Lion()
my_lion.print_colour()
my_1lion.increase_strength(20)
print(my_lion.strength)



Inheritance

A Lion is a Cat

Therefore we
want to inherit
the Cat
properties into
the Lion class

# Lion class

class Lion(FluffyCat):

Represents a Lion, which 1s a FluffyCat
Attribute: colour, strength

Methods: increase the strength of the Lion
(plus inherit all of the FluffyCat methods)

def __init__ (self, colour = FluffyCat.cat_colours([0], strength=10)
self.colour = colour
self.strength = strength

def increase_strength(self, increment)
self.strength += increment

my_lion = Lion()
my_lion.print_colour()
my_lion.increase_strength(20)
print(my_lion.strength)

black
30



Plan for today

1.

. Revision of ordinary differential equations (ODES)

. How to solve ODEs numerically - explicit methods - Euler’s method,
solve_ivp() method in scipy

Convergence - how do you know it has worked?

. Tutorial: Classes for shapes and predator-prey equations



Ordinary differential equations

What Is:
d 2)6 o’ 1. The dependent
— =X — X — | variable(s)?
dt?
2. The iIndependent
variable(s)?
dx , dy
— =X —xy—l, —:2x+y 3. The order?
dt dt

4. The dimension?



Ordinary differential equations

1.  The dependent variables are

X andy
2

d-x 2 1 2.  The independent variable is

—— =X — X — .

dtz t (only one in an ODE)

3. The first is second order, the
second is first order (look at the

dx ’ dy highest derivative order)
—=x"—xy—1, —=2x+y
dt dt

4. The dimension of the first is one
(only one dependent variable x)
and the second is dimension two
(X and vy)



Ordinary differential equations

d*x ,
— =X —X—l How do we Know:
dt?
1. If it iIs autonomous?
ax , dy 2. If it is linear?
—=x"—xy—1, —=2x+y

dt dt



Ordinary differential equations

1. It is autonomous if
d2X the functions and
— )C2 —x—1 coefficients do not
dtz have a dependence
on t (except in the
derivatives)

dx , dy

— — —xy—l ——2x+y 2. It is linear If the
dt At coefficients of x and y

and theilr derivatives are
constants



Ordinary differential equations

What about this one?

d*x  dx , |
— 4+ — 4+ x4+ x—1 = sin(¥)
dr?  dt



Ordinary differential equations

One independent variable t One dependent variable
so ODE not PDE X so dimension 1

Second order Non linear Not autonomous



Ordinary differential equations

What do these things tell us PHYSICALLY?

d*x  dx , |
— 4+ — 4+ x4+ x—1 = sin(¥)
dr?  dt



Ordinary differential equations

One independent variable t . .
. Only one variable describes the system, e.qg.
- evolution depends on L o
the x position rather than x and y position

time only, not (e.g.) space
and time /
d’x  dx
+— 4+ x4+ x—1=sin(®)

VAR \

Second order - Non linear - solutions cannot Some kind of forcing
need 2 boundary be superposed - small function - the physical
conditions to solve changes in the variable may  scenario is changing

system / know full state have large effects over time



Plan for today

1.

onof ordinary differential equations (ODES)

. How to solve ODEs numerically - explicit methods - Euler’s method,
solve_ivp() method in scipy

Convergence - how do you know it has worked?

. Tutorial: Classes for shapes and predator-prey equations



How to solve ODEs numerically?

X

dx ,
—=x"+x-1
dt

n How could | estimate
' the value here?

X(t —_— O) — 1 X="1

t=1 L



Euler’s method

dx ,
—=x"+x-1
dt

x(t=0) =1




Euler’s method

dx ,
—=x"+x-1
dt

x(t=0) =1




E I ) t -+= Euler's method ,
17 1 7
uler’s method true
16 - v
/ .
4 ”~
15 A 7 7|
/// /.
14 - r g "4
> /,’/ /'
e
1-3 7 ’_// ./.
o o~
e
A
12 A
# Note that the function has to take t as the first argument and y as the second x,/f:/"’
def calculate_dydt(t, y): 11 - Ll
"""Returns the gradient dy/dt for the given function"""“ ) {,5f”
dydt = yxy + y = 1 -
return dydt 10 - —
t' @ 5 | | | | | | | |
max_time = 0.
vEA iR 000 005 010 015 020 025 030 035
delta_t = max_time / N_time_steps ‘t

t_solution = np.linspace(0.0, max_time, N_time_steps+1) # values of independent variable
y® = np.array([1.0]) # an initial condition, y(0) = y0

# Euler's method
# increase the number of steps to see how the solution changes
y_solution = np.zeros_like(t_solution)

y_solution[@] = yo@ HOW Can I reduce the

for itime, time in enumerate(t_solution) :

if itime > 0 :
dydt = calculate_logistic_dydt(time, y_solution[itime-1]) errOr here?

y_solution[itime] = y_solution[itime-1] + dydt * delta_t

plt.plot(t_solution, y_solution, '-.',label="Euler's method")




) --+= Euler's method
uler’'s metno o
16 -
PR
15 - 7
-/'
”~
14 - P
> PR
P
13 - i
-
# Note that the function has to take t as the first argument and y as the second ,,-”
def calculate_dydt(t, y): 12 4 -
"H"Returns the gradient dy/dt for the given function""" ,,-"
dydt = yxy + y - 1 ] , -
return dydt 11 ”_,,-”
-~
max_time = 0.5 10 -
N_time_steps = 4 | : . T T T T T T
delta_t = max_time / N_time_steps
t_solution = np.linspace(0.0, max_time, N_time_steps+1) # values of independent variable 0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
y® = np.array([1.0]) # an initial condition, y(0) = y0 't

# Euler's method
# increase the number of steps to see how the solution changes

Fxclindor = Yo ecros el E solurton The global error is related to
for itime, time in enumerate(t_solution) : .
o 1;;?11: : ga{culate_dydt(time, y_solution[itime-1]) the Step Slze delta‘_t! SO Ca‘n
y_solution[itime] = y_solution[itime-1] + dydt * delta_t .
reduce it, or use a better
method to estimate the

gradient (more next week)

plt.plot(t_solution, y_solution, '-.',label="Euler's method")



Integration with scipy  «{- =~ :
solve_ivp()
Syntax: - 9
solve_ivp( function_for_derivative, 1o: ‘ | a | | | |
independent_var_range o0 = S 04 05

dependent_var_initial_condition)

# Now solve using solve_ivp()

max_time = 0.5

N_time_steps = 4

delta_t = max_time / N_time_steps

t_solution = np.linspace(0.0, max_time, N_time_steps+1l) # values of independent variable

yO = np.array([1.0]) # an initial condition, y(0) = y@ | I(A (j f tf] I t_
daSKed TOor the Solution
solution = solve_ivp(calculate_dydt, [0,max_time], y@, t_eva1=t_solution)‘\\\\\\ . ..
plt.plot(solution.t, solution.y[@], 'o', label="solve_ivp") at Only 5 pOIﬂtS - thIS IS
set by “t_eval”



Integration with scipy ..

® solve ivpl() .
solve_ivp()
2.0 - 00
18 - oo°o
If | ask for more points things look 76 o
better. s Owwe
The step size we ask for in t_eval 12 - ’wa,w“
does NOT determine the step size 10 { 0e**" | | | |
used for solving the ODE v o1 S 04 05

# Now ask for a higher number of points

t_solution = np.linspace(0.0, max_time, 10x*N_time_steps+1)

solution = solve_ivp(calculate_dydt, [0,max_time], y0@, t_eval=t_solution)
plt.plot(solution.t, solution.y[0@], 'o', label="solve_ivp()")



Convergence

Usually | won’t know the solution

exactly, so how do | know what |

get is right”? Should | just trust the
solver?

>

2.5 -

2.0 -

15 -

10 A

0.5 -

0.0 -

- = Euler's method
error
— TUe

0.4

0.5




Convergence

Since the method is first
order, decreasing the step
size by 2 SHOULD decrease
the error by 2.

If we can show this, we are
“In the convergence regime”

£ -

2.0 -

15

10

0.5 -

0.0 -

—= Fuler's method N =4

error N=4
-+= Euler's method N =8
—-== error N=8
true
/’m
0.0 0.1 0.2 0.3 0.4 0.5




Convergence

Where we don’'t know the
solution, we need
3 RESOLUTIONS
to test convergence - if we
double the resolution, we
know that the differences
should scale as

YN=8 — YN=4 — 1/
YN=4 — YN=2

2.0 -

15 -

0.5 -

0.0 -

—+= Fuler's method N = 2

-
- S
o
—
“

—
-
-—
— —
—-——'
_—

error N=2
-—= Euler's method N =4

- == grror N=4
- Euler's method N =8

- == error N=8
0.0 0.1 0.2

0.5




Convergence

Because

(YN=8 o ytrue) o (yN=4 o ytme)

(yN=4 o ytrue) T (yN=2 R Ytrue)

- (yN=4 o ytme)/2 o (yN=4 _ ytrue)

(yN=4 IR ytrue) R 2(yN=4 R ytrue)

1

2

2.0 -

15

0.5 -

0.0 -

= Euler's method N = 2

error N=2
Euler's method N = 4

- error N=4
- Euler's method N =8
- error N=8

-—
. g—

-
—
S .

S
-—
‘—
—
“

-
-
-
-
—
-
—
P'—-
-— —
————




Convergence

What happens “outside the
convergence regime”?

Especially problematic for
oscillatory functions, where
we need to resolve each
wavelength in the solution

20 A

15 -

10 -

0.5 A1

0.0 -

-1.0 -

-1.5 1

=== Euler's method N = 10
solve 1vpl()

0 2 -




Convergence

As a minimum, need to
check that increasing
resolution does not
dramatically change the
solution

5 |
0 -
. ya
~ .
.\ '/
5 o2
_10 4
=== Euler's method N= 4
Euler's method N= 8
-15 4 =~ Euler's method N= 16 \
— solve Ivp() L
T T T T
0 2 4 10




Plan for today

1.

. Tutorial: Classes for shapes and predator-prey equations



This week’s tutorial - part 1

class Point :

Represents a point in a 2D space

attributes: x, y, name

# constructor function
# The double underscores indicate a private method or variable
# not to be accessed outside the class (in principle)

def __init__ (self, x=0.0, y=0.0, name = ""):
self.x = x
self.y =y

self.name = name
self.__private_variable = 42

def __add__ (self, other)
new_point = Point(self.x+other.x, self.y+other.y)
return new_point

def print_point(self)
print("Point ", self.name, "is", self.x, self.y)

# Note that we don't use self here so don't need to pass it in
# (This is a static function - it does not require an instance of the class)
def calculate_distance_between_two_points(A, B) :

return np.sqrt((A.x - B.x)*%2.0 + (A.y - B.y)*%2.0)

def move_point(self,dx,dy)
self.x += dx
self.y += dy

def plot_point(self, ax)
ax.plot(self.x, self.y, 'o', label=self.name)

def update_name(self, new_name)
self.name = new_name

| have given you a Point
class, you need to make a
Rectangle class



This week’s tutorial - part 2

# Solve the 1d logistic equation from class
from scipy.integrate import solve_ivp

# Note that the function has to take t as the first argument and y as the second
def calculate_logistic_dydt(t, y):

"HiReturns the gradient dx/dt for the logistic equation"""

dydt = y*x(1 - y)

return dydt

max_time = 10.0

N_ti = 2 .

dgiigifier’;:x_ti;e / N_time_steps I have glven yOu a

t_solution = np.linspace(0.0, max_time-delta_t, N_time_steps) # values of independent variable

y® = np.array([0.5]) # an initial condition, y(@) = y@, note it needs to be an array d- . 1 ODE d

solution = solve_ivp(calculate_logistic_dydt, [0,max_time], y0, ImenSIOn ) yOu nee
method='RK45', t_eval=t_solution) . .

ik o) to solve a dimension 2 ODE

plt.xlabel("t", fontsize=16)
plt.ylabel("y", fontsize=16) -th d -t
plt.plot(solution.t, solution.y[0], 'o', label="solve_ivp") ( e pre a Or_prey
# Now do it the "cheap" way :
# increase the number of steps to see how the solution changes equatlonS)
y_solution = np.zeros_like(t_solution)
y_solution[@] = y@
for itime, time in enumerate(t_solution)
if itime > 0 :
dydt = calculate_logistic_dydt(time, y_solution[itime-1])
y_solution[itime] = y_solution[itime-1] + dydt * delta_t

plt.plot(t_solution, y_solution, '-.',label="cheap method")

# Now plot the true solution

A=1.0/y0 - 1.0

y_true = 1.0 / (1.0 + A * np.exp(-t_solution))
plt.plot(t_solution, y_true, '-', label="true solution")
plt.legend(loc="'best');



