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Question 1 [21 marks].  Artemis Insurance plc considers that claims for its motor
insurance portfolio occur in accordance with a compound Poisson process. The claim
frequency for the whole portfolio is 100 per annum and individual claims, X, have an
exponential distribution with a mean of £8,000.

(a) Derive the moment generating function Mx(t). 6]

(b) Calculate the adjustment coefficient, R, if the total premium rate for the portfolio
is £1,000,000 per annum. 6]

(c) Verify that the calculated value of R satisfies the inequality:

2[£ — E(X)]
R < )
[4]
(d) Find to the nearest £, the minimum surplus required to ensure the probability of
ultimate ruin is less than p.
If the last digit of your student ID is 0, use p = 10%.
If the last digit of your student ID is 1, use p = 11%.
If the last digit of your student ID is 2, use p = 12%.
If the last digit of your student ID is 3, use p = 13%.
If the last digit of your student ID is 4, use p = 14%.
If the last digit of your student ID is 5, use p = 15%.
If the last digit of your student ID is 6, use p = 16%.
If the last digit of your student ID is 7, use p = 17%.
If the last digit of your student ID is 8, use p = 18%.
If the last digit of your student ID is 9, use p = 19%.
[5]

Solution
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(a)

(provided that t < 1)

(provided that t < ¢1)

(b) The adjustment coefficient is the unique positive root of:

cR
A
where c¢ is the rate of premium income and A is the Poisson parameter.

Mx(R) =1+

Since individual claims have an exponential distribution with mean of 8,000:

1 1
= 728000 = 8,000

So, the adjustment coefficient is the unique positive root of:

Mx(R) = E(e™)

1 1,000, 000R
— 4+ —
1 —8,000R 100

Rearranging:

(T +10,000R)(1 —8,000R) =1
— 1+ 2,000R — 80,000, 000R? = 1
— 2,000R(1 —40,000R) =0
The adjustment coefficient is the unique positive root solution, i.e.:

1

R = 40,000 = 0.000025

Note: Student has to mention that R is defined to be the unique positive root.

3]
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(c) Since X has an exponential distribution:

E(X) = 8,000

and :

E(X?) = var(X) + [E(X)]?
= 8,0007 + 8,000% = 2 x 8, 000?

The inequality now reads:

2(1,000,000/100 — 8,000)
2 x 8,000?
The exact value of R (0.000025) is indeed less than this. 2]

R < = 0.00003125

(d) The upper bound for the probability of ultimate ruin is given by the Lundberg’s
inequality as:
W(U) < e RU — ¢~0-000025U
We want e 0-000025U - P [2]

Taking logs:

—0.000025U < n(p)

In(p)
—0.000025

U > 92,103.404 for p = 10%

So to the nearest £, minimum surplus required is £92,104.

— uU>

For p = 11%; 12%; 13%; 14%; 15%; 16%; 17%; 18%; 19%:
U > 88,290.997; 84,810.541; 81,608.833;

78.644.514; 75,884.799; 73,303.259;

70,878.274; 68,591.937; 66,429.248.

So to the nearest £, minimum surplus required is:
£88,291; £84,811; 81,609;
£78,645; £75,885; 73,304,
£70,879; £68,592; 66,429.
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Question 2 [22 marks].
Petz, a general insurance company, is planning to set up a new class of pet insurance.
Claims are expected to occur according to a Poisson process with parameter 60.

Individual claims are thought to have a gamma distribution with parameters o« = 150
and (3 = 0.5.

It plans to raise funds of £1 million to start the business. A premium loading factor of
20% will be applied.

In the questions that follow, assume that the number of policies sold at outset remains
the same.

(a) If Petz only managed to raise 90% of the funds it had expected to raise and went
ahead to start the business, will the probability of ultimate ruin for Petz increase,
decrease or remain unchanged? Explain your answer.

(b) Calculate the mean and variance of the individual claims.

(c) Preliminary claims data now indicate that individual claims have a gamma
distribution with parameters o« = 150 and 3 = 0.25 instead. Calculate the new
mean and variance of the individual claims.

(d) Given the above change in the distribution of individual claims, will the
probability of ultimate ruin for this business increase, decrease or remain
unchanged? Explain your answer.

(e) Preliminary claims data now indicate that the Poisson parameter is 80 instead.
Will the premium received by Petz increase, decrease or remain unchanged?
Explain your answer.

(f) Will the above change in the Poisson parameter result in an earlier or later timing
at which ruin may occur for Petz? Explain your answer.

(g) How will the above change in the Poisson parameter affect the probability of
ultimate ruin for Petz? Explain your answer.

(h) If a 30% premium loading factor is applied instead, will the probability of ultimate
ruin for Petz increase, decrease or remain unchanged? Explain your answer.

Solution

(a) Here, there is an decrease in the insurer’s initial surplus without any
corresponding decrease in claim amounts.
So, there is an decrease in the insurer’s security (less of a buffer to withstand
claims).
Hence, the probability of ruin will increase.

(b) Mean is 22 = 300.
Variance is 3.5?% = 600.

(© Queen Mary University of London (2021) Continue to next page



MTH5126 (2021)

()

(d)

(e)

(© Queen Mary University of London (2021)

Mean is (15—2% = 600.

Variance is Olfgz = 2,400.

Therefore the claims are larger on average and more uncertain.
Both of these factors will increase the probability of ultimate ruin.

Cost of claims will increase.

The premium received will also increase proportionally.

This is because premium is (1 + premium loading factor) x cost of claims or
c=(14+06)Am,.

The Poisson parameter has increased so claims occur more often.
Hence the timing at which ruin may occur will be earlier.

The Poisson parameter has increased so claims outgo and premiums received
increase proportionally.

Also, claims occur more often, hence the timing at which ruin may occur will be
earlier, but not the probability of it occurring in the first place.

Therefore the probability of ultimate ruin will remain unchanged.

Since there is a higher loading factor, the premiums received will increase (even
though claims and expenses) remain the same.
Hence, the probability of ultimate ruin will decrease.
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Question 3 [9 marks|. Estimate the parameters to fit a Pareto(o, A) distribution
to the data in the table below by the method of moments.

Claim size Average size Number of claims
(£) (£)
0-24 17.14 168
25-49 34.88 474
50-74 60.02 329
75-99 87.73 205
100-199 134.27 367
200-499 282.88 241
500-999 685.29 80
1000-4999 2455.83 84
5000 and over 7170.00 2
9]
Solution
We need to calculate the sample mean, %
Zx =17.14 x 168 4+ 34.88 x 474 + 60.02 x 329 + 87.73 x 205 + 134.27 x 367
+ 282.88 x 241 4 685.29 x 80 + 2455.83 x 84 + 7170 x 2
=450, 047.96
n = 1,950 so sample mean = % = 230.7938 2]
and the sample variance, anz — ( sample mean )?
> 2 2 2 2 2
= (17.147 x 168 4 34.88° x 474 + 60.02° x 329 + 87.73 x 205 + 134.27° x 367
+282.88% x 241 + 685.29* x 80 + 2455.83% x 84 + 7170* x 2)/1950
= 676,290, 605.6948/1, 950 = 346,815.6952
So sample variance =
2
an — ( sample mean )? = 346, 815.6952 — 230.7938% = 293, 549.9053 3]
Having calculated the sample mean and variance we can now compare the sample mean
to the Pareto mean:
A 2307938
x—1
[1]

and the sample variance to the Pareto variance:
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A
(= 1)?(x—2)

— 293,549.9053

Squaring the first equation and dividing into the second we get:
X 551104012
x—2

& = 2.44335673

N 2307938 — A = 230.7938 x (2.44335673 — 1) — 333.117822

oo — 1
So & = 2.44335673 and A = 333.117822

Question 4 [12 marks]. A general insurance company has a portfolio of policies
1

under which individual loss amounts follow an exponential distribution with mean 5.
An excess of loss reinsurance arrangement is in place with retention level 120.
In one year, the insurer observes:

75 claims for amounts below 120 with mean claim amount 55, and
33 claims for amounts above the retention level.

Find the maximum likelihood estimate of A.
[12]
Solution

The likelihood function corresponding to the 75 claims is:

75
] [}\e—Axi — A5 S ix

i=1

— }\75 677\ X75%55

75
(since we are given that sample mean, 2‘7;5‘)“ = 55) 3]

The probability of a claim exceeding 120 is

o0
—AX [ o=A]*e . ,—120A
Juo e Mdx = [—e ]120 —e

The complete likelihood function is :

I—U\) — }\756—)\><75><55(e—120)\)33

— 7\75 e780857\

So the log-likelihood is:

InL = 75InA — 8085\
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Differentiating with respect to A :
0 75

—InL = — — 8085

oA A
Equating this to zero and solving, we then find that:

75

A= " =0.009276

8085

We should check that we do have a maximum:

0? 75

—nL=—=<0

ON? A2

so we have a maximum.
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Question 5 [26 marks].  The aggregate claims from a risk have a compound
Poisson distribution with parameter p. Individual claim amounts have a Pareto
distribution with parameters o« = 3 and A = 1,000.

The insurer of this risk calculates the premium using a premium loading factor of 0.25
(this means they charge 25% in excess of the risk premium).

The insurer is considering effecting excess of loss reinsurance with a retention limit of
1,000. The reinsurance premium would be calculated using a premium loading factor of
0.25.

The insurer’s profit is defined to be the premium charged by the insurer less the
reinsurance premium and less the claims paid by the insurer, net of reinsurance.

(a) Calculate the variance of the insurer’s aggregate claims before reinsurance.
(b) Calculate the variance of the insurer’s aggregate claims net of reinsurance.

¢) Hence, calculate the percentage change in the standard deviation of the insurer’s
g g
profit as a result of effecting the reinsurance.

Solution

(a) Aggregate claims before reinsurance, S, follows a compound Poisson distribution
with Poisson parameter L.

S=Xi+X34+ -+ Xy

where X ~Pareto(3,1000).

So using results for the variance of a compound Poisson distribution:
var(S) = uE(X?)

= u(var(X) + [E(X)]?)

Since X ~Pareto(3,1000),
A

o\
var(X) = 1) (a2 750, 000

So var(S) = w(750, 000 + 500%) = 1,000, 000
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Aggregate claims net of reinsurance, Sy, also follows a compound Poisson distribution
with Poisson parameter L.

Si=Y1+Yo 4+ W

where

X if X < 1,000
~ 1,000 if X > 1,000

So using results for the variance of a compound Poisson distribution:

var(Sy) = pE(Y?)

1,000 1,0003 % 1,0003
23><—’4d +J 1)0002 3 x 1,

E(Y?) = 2
R J 1,000 (1,000 + x)* x

o (1,000 + x)

1,000 2 0 1

=3 x 1,000° —————dx+3 x 1 OOOSJ ——d
* b L (1,000 x)7 X 2% 1000 (1,000 + )7
The second integral is just:
(1000 +x)31% 1
-3 0o 3 X 2,0003

For the first integral, put w = 1,000 + x to obtain:

2000 (1 —1,000)? 1 1,000 1,000,0007*%° 1
0 du= | —— + —

1,000 u? u u? 3ud 1000 24,000

So:

3%1,000° , 3 x 1,000°
24,000 ' 3 x 2,000°

E(Y?) = = 250, 000

So var(S;) = 250,000

Consider the variance of the profit, firstly without reinsurance. The insurer’s profit is
equal to premiums charged less claims paid, S. Since only the claims are random
(premiums are constants), the variance of the profit before reinsurance is the same as
the variance of the aggregate claims, which we worked out in part (a).

So the standard deviation of the profit before reinsurance is 1,000,/p.

Continue to next page
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With reinsurance, the insurer’s profit is equal to premiums charged less the reinsurance
premium less the net claims paid, S;. Since only the claims are random (premiums are
constants), the variance of the profit is equal to the variance of S;, which we worked out

in part (b).

So the standard deviation of the profit after reinsurance is 500,/u.

So the percentage change in standard deviation of profit is a reduction of 50%.

Question 6 [10 marks|. Individual claims from a portfolio are believed to have a

Pareto(x, A) distribution. In Year 0, « = 6 and A = 1000.
Inflation is at a constant rate of r per annnum.

If the last digit of your student ID is 0, use r = 10%.
If the last digit of your student ID is 1, use r = 11%.
If the last digit of your student ID is 2, use r = 12%.
If the last digit of your student ID is 3, use r = 13%.
If the last digit of your student ID is 4, use r = 14%.
If the last digit of your student ID is 5, use r = 15%.
If the last digit of your student ID is 6, use v = 16%.
If the last digit of your student ID is 7, use r = 17%.
If the last digit of your student ID is 8, use r = 18%.
If the last digit of your student ID is 9, use r = 19%.

(i) Find the distribution of the individual claim payments in Year 1.

(ii) Hence, state the distribution of the individual claim payments in Year 2.

Solution
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(i)

(i)

Let Xy represent the size of a Year 0 claim.

Then the distribution of X, is Pareto(6,1000) and X; = kX, is the size of a

Year 1 claim, where k =1+ .
To find the distribution of X;, we put u = kx in the integral of the PDF"

o0 oA®
1= —d
L A+ x)e

J°° A% u
B I e |
o (A+F)T Tk

™ (kM)
_Jo (KA +u)ott

Observe that the integrand is now the pdf of a Pareto(«, kA) distribution.

So the distribution of Xj is Pareto(«, kA).
For r = 10%, the claim distribution in Year 1 is Pareto(6,1100).

For r = 11%; 12%; 13%; 14%; 15%; 16%; 17%; 18%; 19%:
Claims distribution in Year 1:
Pareto(6,1110); Pareto(6,1120); Pareto(6,1130);
Pareto(6,1140); Pareto(6,1150); Pareto(6,1160);
Pareto(6,1170); Pareto(6,1180); Pareto(6,1190).

Similarly, the distribution of X, is Pareto(o, k?A).
For r = 10%, the claim distribution in Year 2 is Pareto(6,1210).

For r = 11%; 12%; 13%; 14%; 15%; 16%; 17%; 18%; 19%:
Claims distribution in Year 2:
Pareto(6,1232.1); Pareto(6,1254.4); Pareto(6,1276.9);
Pareto(6,1299.6); Pareto(6,1322.5); Pareto(6,1345.6);
Pareto(6,1368.9); Pareto(6,1392.4); Pareto(6,1416.1).
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End of Paper.
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