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Question 1  (a) What is meant by the continued fraction |ag;ay, ..., a,], where ag, ..., a,
are integers and ay,...,a, > 0? [2]
(b) Find a continued fraction whose value is l?i [5]
(c) Find integers x and y satisfying 78x+ 101y = 3. [6]
(d) Find all solutions (x,y) to the equation 78x+ 101y = 3 in integers x and y. [7]
(e) Find all solutions (x,y) to the equation x*> +y? = 65 in integers x and y. [5]
Question 2 (a) Define Euler’s square bracket function |ag,ay, ..., az). [3]

(b) Prove by induction that, for k > 0,

(i) the finite continued fraction ¢ = [ap;ay, ..., a] is equal to
[ao,a1 goue ,ak] .
[al,...,ak] ’

(i1) the numerator p; and denominator g; of this fraction have greatest common
divisor 1; and

(iii) pegr—1— pr—1qx = (=1)*Vif k> 1.

[13]
1
(c) Hence show that |c; — cx—1| = ) [5]
qk9k—1

(d) State without proof the inequalities satisfied by the numbers cg, cy, ..., ck. [4]

Question 3  (a) Define a quadratic irrational, and state what it means for a quadratic
irrational to be reduced. [5]

(b) Find, with proof, the possible values of the rational number ¢ for which g+ /2 is a
reduced quadratic irrational. [6]

(c) What is meant by the value of an infinite continued fraction [ag,a;,as,...], where
aop,ai,as, ... are integers and ay,ay, . . . are positive? [4]

(d) Which real numbers have a periodic continued fraction? Which have a purely periodic
continued fraction? (Proofs not required.) [3]
(e) Find the continued fraction expansion of % +/2. [7]
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Question 4 (a) State a theorem on the representation of prime numbers as the sum of
two squares of integers. [2]

(b) Suppose that p is a prime number congruent to 3 (mod 4). Show that p cannot be

written as the sum of two squares. Outline how to deduce, from this fact, that the

congruence x> = —1 (mod p) has no solution. [7]

(c) Define the Legendre symbol (a) where a is an integer and p an odd prime number. [3]
p

-1 2
(d) State without proof the values of <> and () . [4]
p p

(e) Prove that
=2\ _ [+1 if p=1or3(mod8),
p ) | -1 ifp=5or7(mod3).

(5]

(f) Calculate (2) i (4]

Question 5 (a) Define a Pythagorean triple. [2]
(b) Show that, if the integers (s, 7, ) form a Pythagorean triple, then so do (2st,s> —%,u?). [3]

(c) Hence show that the equation x> 4+ y? = z>" has a solution in positive integers (x,y,z)

foralln > 1. [4]

(d) Find a solution of x2 + y? = X% in positive integers. [3]
(e) Describe, with proof, all Pythagorean triples. [13]
Question 6  (a) Let p be a prime number. What is meant by a primitive root mod p? [3]

(b) Find a primitive root mod 13, and hence find the orders of all the non-zero elements
of Z]3 . [7]

(c) Does a primitive root mod p exist for every prime number p? Prove your assertion. [10]

(d) Let p be a prime number. Show that there exists an integer w such that w® = 1 (mod p)
and w £ 1 (mod p), if and only if p = 1 (mod 3). Find such an integer w in the case
p=13. [5]
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Question 7 (a) What is a (binary) quadratic form in variables x,y over the integers?

(b) Define the terms positive definite, negative definite, and indefinite for quadratic forms.
Give tests for recognising whether these properties hold, in terms of the coefficients
of the form. Must every quadratic form have one of these properties?

(c) In each of the following cases, state whether the quadratic form is positive definite,
negative definite, indefinite, or none of these:

() 2x% 4+ 3xy +y?, (ii) 2x% — 12xy + 18y?, (iii) x* — 2xy + 2y

(d) What is meant by saying that a positive definite quadratic form is reduced? What is
meant by saying that two quadratic forms are equivalent?

(e) State a theorem about the equivalence of positive definite forms to reduced forms.

(f) Find a reduced form equivalent to x> 4 2xy + 2y°.

End of Paper
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