

































































































































































































































































































































































































































































PTER 8 / CALCULUS OF VARIATIONS

The Simplest Problem

We begin by introducing a problem from optimal growth theory that is closely related to
Ramsey’s pioneering discussion of optimal saving. It forms the basis of much recent work
in macroeconomic theory, as discussed in the textbooks by Blanchard and Fischer (1989)
and Barro and Sala-i-Martin (1995).

(How much should a nation save?) Consider an economy evolving over time where
K = K(t) denotes the capital stock, C = C(¢) consumption, and ¥ = Y(r) net national
product at time f. Suppose that

Y = f(K), where f/(K)>0 and f/(K) <0 @)

Thus net national product is a strictly increasing, concave function of the capital stock alone.
For each ¢ assume that

FEE®) =CH+K@® (i)

which means that output, Y {z) = f(K (1)), is divided between consumption, C(¢), and
investment, K (). Moreover, let K (0) = K be the historically given capital stock existing
“today” at t = 0, and suppose that there is a fixed planning period [0, T']. Now, for each
choice of investment function K (1) on the interval [0, T'], capital is fully determined by
K@) =Ko+ _[or K(t)dr, and (ii) in turn determines C(z). The question Ramsey and his
successors have addressed is how much investment would be desirable. Higher consumption
today is in itself preferable, but equation (ii) tells us that it leads to a lower rate of investment.
This in turn results in a lower capital stock in the future, thus reducing the possibilities for
future consumption. One must somehow find a way to reconcile the conflict between higher
consumption now and more investment in the future.

To this end, assume that the society has a utility function U, where U(C) is the utility
(flow) the country enjoys when the total consumption is C. Suppose too that

U >0, U'(C) <0

so that U is strictly increasing and strictly concave. (This assumption implies that when
society has a high level of consumption, it enjoys a lower increase in satisfaction from a
given increase in consumption than when there is a low level of consumption.) Now, as is
common in this literature, introduce a discount rate r to reflect the idea that the present may
matter more than the future. That is, for each ¢ > 0 we multiply U(C()) by the discount
factor e~"'. However, Ramsey himself criticized such “impatience”, so he put r = 0, in
effect. Anyway, assume that the goal of investment policy is to choose K (¢) forr in [0, T in
order to make the total discounted utility over the period [0, T'] as large as possible. Another
way of formulating the problem is: Find the path of capital K = K (¢}, with K(0) = Kq,
that maximizes

' T
/ U(C(f))e"”dt:/ U(f(K@®) = K@)e " dt ey
o

a3

Usually, some “terminal condition” on K (7') is imposed—for example, that K(7') = Kr,
where Kr is given. One possibility is Kr = 0, with no capital left for times after 7'. This
nrobhlem 1 etindied in Framnle R 4 1 1
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Example 1 js a special case of the simplest general problem in the calculus of variations.
This takes the form

1
max/ F(t,x,x)dt subjectto x(tn) = xp, x(f)=x1 2)
g~

Here F is a given “well-behaved” function of three variables, whereas #, 1, xo, and x;
are given numbers. More precisely: Among all well-behaved functions x(r) that satisfy
x(tg) = x¢ and x()) = x;, find one making the integral in (2) as large as possible.

Geometrically, the problem is illustrated in Fig. 1. The two end points A = (fy, xo) and
B = (11, x1) are given in the tx-plane. For each smooth curve that joins the points A and
B, the integral in (2) has a definite value. Find the curve that makes the integral as large as
possible.

So far the integral in (2) has been maximized. Because minimizing the integral of
F(z, x, 1) leads to the same function x = x(¢) as maximizing the integral of —F (¢, x, X),
there is an obvious relationship between the maximization and minimization problems.

The first known application of the calculfus of variations was to the “brachistochrone
problem”.! Given two points A and B in a vertical plane, the time required for a particle to
slide along a curve from A to B under the sole influence of gravity will depend on the shape
of the curve. The problem is to find the curve along which the particle goes from A to B as
quickly as possible. (See Fig. 2.)
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ti) 2}
Figure 1 Figure 2

One’s first reaction to the problem might be that it is easy, because the straight line joining
A to B must be the solution. This is not correct. (Actually, the straight line between A
and B solves another variational problem: Find the shortest curve joining A and B. See
Problem 8.2.6.) In 1696, the Swiss mathematician John Bernoulli proved that the solution
is a part of a curve called a cycloid. This starts out steeply so that the particle can accelerate
rapidly, acquiring momentum in both the vertical and horizontal directions, before the
curve flattens out as it approaches B. Using elementary physics one can show that the
brachistochrone problem reduces to the problem of minimizing an integral of the type

appearing in (2).

I The word “brachistochrone” is derived from two Greek roots meaning “shortest” and “time”.
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