Torpxc'- UN\T ROOT NONSTATIONARITY

CoNs\Der AR(1) HODEL :

Xt = ¢Xt'| *Et

*IF 1¢1¢d +hen THe MODEL HAS A
STATIONARY  SOLUTION

“\F ¢ = 4 “hen THe HoODEL 'S A

UNIT ROOT MODEL VWHICH
' 5 NON-5THTIONHR)/

d

5UCH MODEL TVES NOT SATISFY
CONDITION (OF COVARIANCE STRTIONARITY
OF AN AR()) HODEL

pf +time Series )(t \5 Covdrinnce 5T®+:on'ary o

E(xe) = Mox
Vo ()(c) = di

Cov (Xe, Xe-x) = Sx




IN THIS ¢chA55 WE ARE Gowwe To
CONSIDER THE  RANDOM WALk  AND

™E  RANDOM WALK WITH DRIFT MHQDELS

A TIME sERIES X, 15 caccep A RANDOM WALK

I'F Xt’ Xt-,-t e

t tgol‘l"'l

where €. s n zero HEAN WHITE NOISE

o A RANDOM WALK WITH A DRIFT CAN Be WRITTEN
AsS :
Xt = /"’ t Xt-l T £t

— A RANDOM-WALK 15 COVARIANCE
NON- STATIONARY HaDEL
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Problem 7.1

Xt =/L°"Xt-|-r£t t=1,2,...

Wherc XC) =0
E, 1S WN (o/gz")

X¢ CAN BE REWRITTEN AS:

xt:/”’*[xt—l*fb
| ' E
P (/”’*Xt-L* Et-,)“' t

= 2pt Kooy ¥ En tEe
X

= g T/b t X T ft-z)\+ Exes ™ B
=‘3/£" + Xt"3+ e=-2 +£-g_-—|+-£b

-----

4 LA ¢
= t/u, -i';)“(_g_;l' £c+£t-l E\:—a L____E__f_\
wWe l’dﬁfmm&ol £| 156
- = ¢ OHING
Xo = FROM

64:.- (tnt_\!

- t/u/-r- € rée., Y€, t TE,




bb) E(xc) =t/q/
E(Xt) ¥ E(t/,(, + £t+gt_,+gt,24_w+ gl)

FE(bp) v EE)E(8)r . EE)
L': t/,_ :’ =0 =0 =0
Ep 'S A WHITE NOISEs 5EQuence
WITH ZERO HEAN
50
E(Xe) = ta




(/L&)L) Cov (X;/Xb) = mMin (t,ﬁ)c’:_

WE KNow Xes o+ Xt £,
Xt'-'t/w"'ft-"ft_,*ft.;_*m*g

AND E(Xc)-‘- t/u/

WE CAN Now/ DEFINE Xs AS

Xs = S+ E5v E5vo + €

w here t2s

We OBTRAIN THAT E(Xs) = S

o By ™Me DEFINITION OF COVAR!HNCE:

Cor (X, Xs) = E[ (- €xe)) (X f:"'_(.X5>D :

4 \ N \

:E[@/w{ta—gmhf I)-’C/«,) i \

e

| ((5/_"'*' s st 7€) "}/"B

: E[gét tEe- +---*E.)J(55 tés, ""+£'ﬂ i

¢
IT CAN BE WRITTEN AS:

(et bsrvovelofbn, s £gnrv8))




E[({ErEr o ngsf Enne) -
. (55-?{5_‘4:...-'5,)] -

’E[(€5+£s—l+”*‘s> (Ess, * "+{)(£5+£5' '+£)J

CE[(Es+ Eg v € )]+ E[(EgrorEe) (s Esrs £) -

gl
= 50-167:' = O
BECAUSsE , BECAVSE
E(G._‘,L)’ff(fs.l,%..ff(gi‘)s.; EL55+.€5+€5ﬂ£5-|+......+€t£, :
=o’£Z + df+ s o’f,. ’E[Esf. 55]*5[55»»;55—:}* ..... z
='5°);: f.—‘C7+CD+_... = O

£ (S A WHITE NOISE SEQUENCE

|

. AND  THEREFORE

Eleag)ae 9477

7-'50):—'1’0 =
- L
> .50’;_

We AN CONcCLVDE

Cov (Xt/ Xs) = So’; = min (t,s) dé’



Additional Notes:

Ec*ft_, TEe, v v E,  CAN Be WRITTEN ns
{65‘"55_, +...01 E,} +{ £5+' s 3 £5+Z.+ prai iy ¥ t_l‘l'gt}

WE CAN EXPeAIN T USING AN EXAMPLE -

we CONSIDER M™e TiMe PeRiop 2000

- 2.0\9
—t 7
2000 200 .. 2019
AND WE waNT To TEST THE CoRREATON
BETWEEN Xeog  AND X 20
\ \ { 1 A t —+
g N ' ' ' I
2ol
> 200 | 2012 2018 9
2.01|
—H\e _5ramPlQ C,ou\d be_ jF'd' N ‘hx/o



WE CAN GENeRpLIZED 1T BY ULSING t

i -1
t- t

: i
4 &
AND WE WANT TO ~. COMPUTE THeE CcORRE¢ATION
BETWEEN X¢  AND X_e, where t >34

g 4

| : " ! L 2 —t
e g 1 | \ ' ]
4 3 .. G S| SRTTE T

55 TMe Periop 4 -t AN Be DWVIDED
INTO TwWo PeERIODS:

(i_S)AND(5+l _ t}

THE ABOVE EXAMPLE EXPLAINS  WHY
gt-rgt_l+£t-)_+——-. +£| <

) (6' ¥ e *Es_,r£5)+(£$_” Foeww ¥ £t-l *'ge)



Problem 7.2

CONSDER X = X.., T &

WITH  INITIRL  VALve X, =O  AND

E. AS A WHITE NOISE WITH
ZERO MeAN AND VARIANCE

WE KNow X, - X tg,

THEN Xt,., = Xb ¥ gt_“
AND X vy *

£
\

THE 4.5TéP AHERD TORECAST 1S DEFINeD BY:

ft (\) - E (:Xt'"" ,.Ft:l = [><t+lj
WE HAVE ™AT:

>2!: (1) = E[th l-Ft] : [xt'ﬂj :
P y

T Ke * ét-ﬂJ s
[xed+ [6n] = X,

11}

|

=0

BECAVSE "IN,
":':-%' \S 5‘;3‘;5‘)}".‘ [

1.1 = i WS ,A‘|_" aa b 2 -?.
WHEN WE ANOW

o
.

o

(L) OBTAIN THe 4.5 Anemo eRepicTion  Xc (1)

BECAVSE €y, 'S INDEPENDENT
OF Tie “H[sToRy" T



(Lx) DERWE 2. 6T€p AHERD PREDICTION  Xe(2)

)?t(z) : E[th l?"J - [Xt‘“’-] i}
- [Xt*l N Et”—] i

[Xb-n] + [Et'l'l.]
L J o ( '

THE TFORECAST OF A RANDOM . War K HODec 15
THE (ST OBSERVATION X

ToRr ANY K. STEP AHERD TORECAST
Xb (K) = Xt.

THEREFORE
FORECASTING IS NOT MEAN REVERTING

———— . a

(Wi4) 15 TME ForecpasT MePn ReveRTNG !
NO THE TORECAST 1S NOT MENN REVERTING
BECAVSE  E(X.) = O WHICH IS DIFFerenT

FRro X,



WE KNO\X/ xt = ‘-m)ft_"-r £t:
xt ; l'(xb'z. t €-\;-—|.) T £t

Xe > Xes v €y Y€ HEL

X(;’ XO +£I+_“1—£‘t_‘.’,€t

E(Xt) = E(E.l*gl'*.,,, _f_gt)

:E(gl)f.. '+E(£t)=‘
= O

THIS 15 DIFFERENT  FROM:

525(]) : Xb
Xe(2) = X
;<t(’K) - X



Problem *.3

CONSYDER Xy = X, + 2,

Wheve 2, 1'S AN RR(2) MHopes .
Zt o 3-} 0.5 Zt-| + O, Z-t.-?_ E 2 Et

Where €. 15w (0,9%)

A
* FIND 4 sTEP FHEAD TorecasT X (1)

e TIRST We NeeD TO FIND 4. STeP BHERD TForechsT
OF 2.,

2e0) = E(2en F) = (2w )
= [34‘0.52{, + 0.\ Zt-l + g’cﬂ]
=3ro0s [?c] o fzt,,j + [ €ea] -

|
: 2 -
Z¢ . ,,/ &
2:{* AND F "—-‘-::. .'-~ML:“: Bécavse E-cﬂ 'S
e L ' e 2 '$"" L . -
BE s iiinp o INDEPENDENT OF
ARE KNOWN WHeN THE HYsTORY oF F
WE Know T ) t

= 3+O'S—EEJ+O'\ &J:
Y . B "
# 3% 0.8 (X-Xe.,) 01 (Keoy =Xy )
Wi Know Xe=Xe. teg THEN 2y = X, -X¢.,




o THEN
Xe(V) = E( Xew 1T = [ Xewr)
= [ X, + 2ea ) -
[xcj [zt+,j

= Z (1)
= 3 +O.5_(X5'Xt;-|)f Q1 (Xt:-! —Xt-;_)

I
.‘*&/
*

> »

- Xt, 3405 (R =Xe= ¥ O, (Xt-, 'Xe:-?.) ;

:><_b*3+gpg=)(t OS—XC,-i'OlXt,' . Xt-z,.-



’Problem ? 4

STEPS TO Forcow :
- PLOT GDP SB£RIES
T GENERATE  LOG(GDP) AND PLOT ME NEW SERIES
- TEST TFoR OUNIT ROOT
Ho® SERIES conTAINS UNIT ROOT

H, ' SERIES IS STATIONARY

SINCE  P.VALVE > o THEN
WE FRIc To KesSecr H,

—D [OGGDP HAS AT LERST A UNIT ROOT
- OUTPOT SHOWS WwWe AN TFIT THE MHODE/ :
A yt 2 Cr THrend”t e Ye- ro, Ayt—:*'gz DYy 4 6!:

where AYe - Ye = Ye-s

AD Y. 1S LoseDP

OUTPUT BUGGESTS THAT:

AYe = 0.q221 BY,., + 0.1941 DY, ., + &



THE CoO€eFFicieNnTS ¢, thf‘d, Be , 53,59

ARE NOT S\1eNIFICANT

- THE s£ries 'S NoT STATIONARY 50
WE TEST T™E TFIRST DIFFERENCE

Z.OGG.DPt l LOGGDpt_l

“THE TFIRST DI\FFERENCE 1) 5TﬁT|ON,qpy

— P-VALve <« o THen We Resecer H,

I’-_

<)



