ECOMO073: Topics in Financial Econometrics
Lecturer: Liudas Giraitis, CB301, L.Giraitis@qmul.ac.uk

Exercise 6.

Problem 6.1. Consider AR(1) model

Xi=0Xi1+ e

where e, is a white noise sequence with zero mean and variance o?.

(1) Find the 1-step ahead forecast of X,;;. Find the variance of the
1-step ahead forecast.

(2) Find the 2-step ahead forecast of X;;5. Find the variance of the
1-step ahead forecast.

(3) Find the k-step ahead forecast of X;,;. Find the variance of the k-step
ahead forecast. Comment on properties of this forecast when k& increases.

Solution 1. The k-step ahead forecast is defined by the formula
X (k) = E[Xipx| B3] = [Xoge],
using notation [Xx]-
(1) To compute X,(1) first we write
Xep1 = Xy + €441
Then, using forecasting rules about [ X;] and [e,],

X(1) = E[Xt+1lFt] = [Xt+1]
= [pX; + e144]
= B[Xe] + [et44]
= ¢X:.



Here we used the facts
[Xi] = X,

which hold because X; is known when we know F;, and
[et41] = 0

which holds because ¢, is independent of the ’history’ Fj.
Therefore, the 1-step ahead forecast is

Xt(].) e ¢Xt

The error of 1-step ahead forecast is

€t(1) = Xt—l—l_Xt(l)
= ¢X¢ + e — {0 X¢}

= &t41.

The variance of the error is

Var(e:(1)) = Var(es1) = o2

N
(2) To compute 2-step ahead forecast, write

KXiyo = ¢ X1 + €140
Then
Xt(2) . [Xt+2] b [¢>Xt+1 +5t+2]

[ Xt11]
= ¢X:(1) = ¢°X,.

The error of 2-step ahead forecast is

e(2) = Xio— Xy(2)
OXip1 + €10 — 0X4(1)
O(Xer1 — Xo(1)) + €142 = PEr41 + Erya.

Il



The variance of the error is

Var(e:(2)) Var(dew + ee) = Var(de) + Var(eea)

¢°0% + 02 = (¢* + 1)o2.

il

We conclude that

Var(e:(2)) > Var(el1)).

(2) To compute k-step ahead forecast, write

Xk = 0 Xtip-1 + k-
Then
Xi(k) = [Xewk] = [0Xeqn1 + €114

. ¢[1Yt+lcfl] R X
= ¢X,(k—1)= ¢’ X, (k —2) = $*Xy(k — 3) = --- = ¢" X, (0) = ¢* X,.

We see that X
X,(k) =¢*X, — 0,

as k increases. This is the mean reversion property since the mean of X; is
E[)(t] - 0



Problem 6.2. The researcher analyzed the sample X;,---, X, and found
that it is not from a stationary time series. He checked the differenced series
7 = Xy—X; 1 and found that fitting to it the AR(1) model gives uncorrelated
residuals.

The fitted model was z; = 2 + 0.42,_; + ;.
He/she is interested in forecasting X,,; and Xir9. Compute these forecasts

Solution. First we compute the 1-step and 2-step ahead forecasts of Zey1
and z49.

To compute (1), write 2,41 = 2 + 0.42; + £,41. Then
2%(1) = [2 -+ 0.4Zt + 6t+1]

= 2+ 04[2&] + [€t+1]
= 24 0.4275 =2+ 04()(} . ‘Yt—l)'

To compute 2,(2), write 245 = 2 4+ 0.42,1 + €142. Then

5(2) = [24 04241 + £149)]

24 0.4[z41] + [ee42]

2 +0.45,(1)

= 24+04(240.4%) =2.8+0.162, = 2.8 + 0.16(X: — Xy—1).

Il

Il

To compute Xt(l), we use equality X = X, + 241.

Then
X(1) = [Xe] = (X + 2001] = [X4] + [2841]
= Xi+2zQ)
= Xi +{24+04(X: — X: 1)}
= 2 —|— 14Xt - 0~4Xt—1-
Then

Xi(2) = [Xuqa] = X1 + 2140]
Xi(1) + 2(2) = {24 14X, — 04X, } + {2.8 + 0.16(X; — X, 1))
= 484156X;, —0.56X, ;.

Il



Problem 6.3. Consider MA(2) model

Xi=co+e¢+ 01gi_1 + Oa549

2

£

where €; is a white noise sequence with zero mean and variance o
(1) Find the 1-step, 2-step and 3-step-ahead forecasts.
(2) Show that the forecast reverts to the mean at the step k = 3.
(3) Find the forecast errors.

Solution . (1) To compute X;(1), use the rules we used in previous exercises.
then

)Zt(l) = [C() + Ep41 + Bie; + 92515—-1]
= co+ [e141] + Oh[ed] + Oaer1]
= o+ 018t + 62€t_1;

Xt(Q) = [co + g2 + 1611 + Oay
= co + [Erya] + O1[ers1] + Oa[e]
= ¢ + b8y

Xi(3) = [co+ €ry3 + OrEtso + oe141]

co + [e43] + O1[erya] + Oaferia]
= C(p-

Notice, that
EXt = E[CO + &+ 018t_1 + 926}_2] =cp+ E[c‘:t] + HlE[St_l] + 92E[8t_2] = Cp.
Therefore, forecast Xt(3) = ¢p reverted to the mean at the step & = 3.

(2) Next we compute forecast errors.

= {co+ e +0ier + Oaei1} — {co + Orer + Oag1} = Eug;
Var(eiy1) = 02

{co + tra + 016041 + Ohe} — {co + Oaer} = €1 + b6
Var(sipr + bheepr) = az + 9%03;

= {co+eips + 016012+ Oaeei1} — {co} = €ta3 + br1t40 + Oogiyn;
= Var(eies + 016prs + baeiyr) = 02 + 0302 + 3072

= (1467 +62).
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Problem 6.4. Consider AR(2) model
Xy = o+ o1 Xeo1 + ¢ Xy 2 + ey

where ¢, is a white noise sequence with zero mean and variance 1.

(1) Find the 1-step ahead forecast of X,

(2) Find the 2-step ahead forecast of X, ,

(8) Find the variance of the 1-step ahead forecast and the variance of
2-step ahead forecast. Compare these variances.

Solution 1. The k-step ahead forecast is defined by the formula
Xt(k) = B[Xp | Fi] = [Xia),
using notation [Xyy].
(1) To compute X;(1) first we write
Xer1 = do + A1 Xy + 92Xyt + 441

Then, using forecasting rules about [X,] and [e,],

Xi(1) = E[Xin|F]=[Xe]
= [po+ ¢ Xs + G2 Xy 1+ €441]
= ¢o+ ¢1[Xi] + ¢2[Xt—1] + [t41]
= ¢o+ 01Xy + ¢ Xi ).

Here we used the facfs
[Xel = Xy, [Xea] = Xpy
which hold because X; and X,_; are known when we know F}, and
[e441] = 0

which is valid because €444 is independent of the ’history’ Fj.
Therefore, the 1-step ahead forecast is

Xt(l) . ¢O + ¢1Xt + ¢24Yt—1~



(2) To compute 2-step ahead forecast, write

Xito = o + 01 Xpq1 + $2.X¢ + €40
Then
Xi(2) = [Xeo] = [0 + d1Xeq1 + ¢2 Xy + €019
= o + 1[Xep1] + do[ Xi]
= o+ 61 Xu(1) + $o X,
We found that
Xi(1) = o + d1.X, + do X1
So,
Xi(2) = do+ dr{do + d1.X + 02 Xi_1} + o Xy
= o+ $1¢0 + (&} + ¢2) Xy + 162 X1

(3) The error of 1-step ahead forecast is
etf(l) = Xy — Xt(l)
= {0+ 1 Xi + o Xi1 +ep1} — {Bo + 1.Xs + 62X, 1}
= Et41.
The variance of the error is

Var(e:(1)) = Var(eyy,) = o?

£

=1.

The error of 2-step ahead forecast is
6,:(2) = Xt+2 b )2,5(2)
= {0+ o1 Xep1 + G2 Xy + €110} — {do + 91X (1) + ¢ X4}
= ¢1(Xpq1 — Xe(1)) +epq0 = G1€e4+1 + Erya.

The variance of the error is
Var(e:(2)) = Var(¢ieir1 + en) = Var(die) + Var(ets2)
= ¢t 402 =¢+ 1.
We conclude that
Var(e/(2)) > Var(ei(1)).






