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Question 1 [20 marks]. Let W; be a standard Wiener process and let

{Ft =0 (W;,0 <s <)}, be its natural filtration.

Q1.(a) Prove that the process X; = LWy, is a Wiener process.

Q1.(b) What does it mean for the process X; to be a martingale with respect to the

filtration {F};~?

Q1.(c) Assuming s < t derive the conditional expectations E [W?|F;] and

E [W| 7).

Q1.(d) Using the result you obtained in Q1.(c) prove that W — 6tW? + 3t is a
martingale with respect to the filtration {F}},-,. You may assume

E [|[W} — 6tW? +3t?|] < coforall t > 0.
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Question 2 [15 marks]. Consider an Ito process X; satisfying the stochastic

differential equation
dXt =a (t, Xt) dt + b (t, Xt) th,

where W; is a Wiener process.

Q2.(a) Write down the stochastic differential equation satisfied by the process
Yr = f(t, Xe). [4]

Q2.(b) The Ito process X; satisfies the following stochastic equation
1 , 1
dXt = EXt (1 — Xt) (1 — 2Xt) dt — Xt (1 — Xt) th, with XO = E

Using the chain rule, compute the differential dY; for the process
Y, = log (X;l - 1). 7]

Q2.(c) Solve the stochastic differential equation for Y; and thus find X; in terms of ¢
and W;. (4]
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Question 3 [31 marks]. In this question we assume all assumptions underlying the

Black-Scholes model are satisfied.

Q3.(a) List 3 assumptions on the market underlying the Black-Scholes model.
Explain which one does imply existence of the risk-neutral probability

distribution.

Q3.(b) Let

f(tS) = Stze(H"Tz)(T_t) _ e M(T-Hg2

be the value at time ¢ of an option on the asset having price S; at time t and a
constant volatility . Let T'and K be some fixed parameters of the option.

Calculate corresponding option’s Greeks A, T', 0, v.

Q3.(c) What do delta and gamma hedging mean?

Q3.(d) A put option on a stock, valued at £17.6, has a price £1.2, delta A = —0.5 and
a gamma I' = 0.1. Another derivative on the same stock with delta A = 0.2
and gamma I' = —0.1 becomes available on the market at the price £3.52. An
investor has £10, 000 in cash which he/she is willing to invest into a delta
and gamma hedged portfolio. What allocations to stock, put option and the

derivative should he/she use?

Q3.(e) For the portfolio found in Q3.(d) determine its 6 if continuously

compounded risk-free interest rate is 5%.

Q3.(f) Give the definition of the implied volatility and explain how one can
calculate it for a given European call option premium, strike price, maturity,

stock price and interest rate.

Q3.(g) An investor buys a European call option on a non-dividend paying stock
whose current price is £5,000. The option premium is £187.06. The strike
price of the call is £5, 250 and the time to expiry is half of a year. The risk-free
rate of return is 5% per annum continuously compounded. Estimate the
implied volatility. You may start with two guesses 07 = 0.1 and 0> = 0.2 and

then do a linear interpolation.
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Question 4 [18 marks]. In the Vasicek model, the interest rate r (¢) is governed by
the stochastic differential equation

dr (t) = —a (v (t) — b) dt + cdW;, with r (0) = ro,
where W; is the Wiener process, and a > 0,b > 0 are constants.

Q4.(a) Using the chain rule, derive the stochastic differential equation solved by
U (t) = e (r (t) — b) and solve it. (7]

You are reminded that the solution of stochastic differential equation for r (f) is

t
r(t)=b+(r(0) —b)e ™ + (T/e_“(t_s)dWS.
0

Q4.(b) State the distribution of r (f) and find the probability p; = IP [r () < 0] when
t — oo, [7]

You are reminded that a zero-coupon bond paying £1 at time T, within the context of
Vasicek model, has at time t < T the price equal to

B (t/ T/ T’t) = e_A(FL—)”—’_B(T)/
where T = T — t and

1 _ e*ﬂx

A(x)=—, B(x)= (b—@) (A(x)—x)—EAz(x),

a
and r; is a current risk-free interest rate.

Q4.(c) Historical data of short time risk-free interest rate is given in the table for a
period January-May 2020

Date | 1% Jan | 1% Feb | 15 Mar | 1 Apr | 1°* May
re | 3.56% | 4.02% | 3.84% | 4.00% | 4.18%

There are three zero-coupon bonds (see the table for their parameters)
available at the market paying £1 on a corresponding maturity day.

| | Issue date | Maturity date | Price on issue date |

Bond 1 01/01 01/03 £0.92
Bond 2 01/02 01/04 £0.86
Bond 3 01/03 01/05 ?
Find the price of Bond 3. [4]
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Question 5 [16 marks].

Q5.(a) A company has just issued zero-coupon bonds expiring in 2 years, with a
nominal value of £3 million. The total value of the company now stands at
£4 million. A constant risk-free rate of return 5% per annum continuously
compound is avaliable in the market. Under the Merton model and using the
Black-Scholes formula find the current value of shareholder’s equity,
assuming that the annual volatility of the values of the company’s assets is
20%.

Q5.(b) Find the current value of the company’s debt under the same Merton model
and the theoretical price of £100 nominal of zero-coupon bonds.

Q5.(c) Write down the distribution for the total value of the company under this
Merton model.

Q5.(d) Find the risk-neutral probability of company’s bonds default.

End of Paper — An appendix of 2 pages follows.
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Properties of Gaussian random variables

A random variable ¢ is said to have a Normal distribution N (i, 0?) with mean
and variance ¢ if its probability distribution function is given by

1 _(t=p)?

fe(t) = e 22, te&(—o00,00).
2702

The cumulative distribution function of a standard Normal random variable takes a
form

PN (0,1) < x] = & (x) = \/% [ e,

and its values are given on the next page. For a Gaussian random variable with mean
u and variance 0 the cumulative distribution function is given by

P () <] o (E51).

Moment generating function of a Gaussian random variable ¢ = N (i, 0?) is equal to

E [egt} _ eyt+§t2.

Moments of a centred Gaussian random variable & = N/ (O, (72) are given by
0, k is odd
E || =
4 {gz,,_g 2, k=2p.

The first four moments of a non-centred Gaussian random variable & = A/ (y, 02) are
equal to

E[d=n E|&|=p2+0% E&| = +3u0% E|&]=p'+op2?+30%
The Black-Scholes formula

Within the framework of the Black-Scholes model the price of a European call option
with the strike price K and expiration time T at time ¢ is given by

C(t S, K o1, T) = $;® (w) — Ke TN (w —oVT - t) ,

S
where w = bngr%_t) + 30/T — t. Within the same assumptions price f (t, S¢) of
the derivative on the stock with price process S; satisfies the Black-Scholes PDE
1

of of 229°f _
g (t, St) + T’Sta—st (t, St) + 50’ St a—stz (t, St) = Tf (t, Sf) .
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X

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
14
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
23
24
25
2.6
2.7
2.8
29
3.0
3.1
3.2
3.3
34
3.5
3.6
3.7
3.8
39

0.5000
0.5398
0.5793
0.6179
0.6554
0.6915
0.7257
0.7580
0.7881
0.8159
0.8413
0.8643
0.8849
0.9032
0.9192
0.9332
0.9452
0.9554
0.9641
0.9713
0.9772
0.9821
0.9861
0.9893
0.9918
0.9938
0.9953
0.9965
0.9974
0.9981
0.9987
0.9990
0.9993
0.9995
0.9997
0.9998
0.9998
0.9999
0.9999
1.0000

0.5040
0.5438
0.5832
0.6217
0.6591
0.6950
0.7291
0.7611
0.7910
0.8186
0.8438
0.8665
0.8869
0.9049
0.9207
0.9345
0.9463
0.9564
0.9649
0.9719
0.9778
0.9826
0.9864
0.9896
0.9920
0.9940
0.9955
0.9966
0.9975
0.9982
0.9987
0.9991
0.9993
0.9995
0.9997
0.9998
0.9998
0.9999
0.9999
1.0000

0.5080
0.5478
0.5871
0.6255
0.6628
0.6985
0.7324
0.7642
0.7939
0.8212
0.8461
0.8686
0.8888
0.9066
0.9222
0.9357
0.9474
0.9573
0.9656
0.9726
0.9783
0.9830
0.9868
0.9898
0.9922
0.9941
0.9956
0.9967
0.9976
0.9982
0.9987
0.9991
0.9994
0.9995
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.5120
0.5517
0.5910
0.6293
0.6664
0.7019
0.7357
0.7673
0.7967
0.8238
0.8485
0.8708
0.8907
0.9082
0.9236
0.9370
0.9484
0.9582
0.9664
0.9732
0.9788
0.9834
0.9871
0.9901
0.9925
0.9943
0.9957
0.9968
0.9977
0.9983
0.9988
0.9991
0.9994
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.5160
0.5557
0.5948
0.6331
0.6700
0.7054
0.7389
0.7703
0.7995
0.8264
0.8508
0.8729
0.8925
0.9099
0.9251
0.9382
0.9495
0.9591
0.9671
0.9738
0.9793
0.9838
0.9875
0.9904
0.9927
0.9945
0.9959
0.9969
0.9977
0.9984
0.9988
0.9992
0.9994
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.5199
0.5596
0.5987
0.6368
0.6736
0.7088
0.7422
0.7734
0.8023
0.8289
0.8531
0.8749
0.8944
0.9115
0.9265
0.9394
0.9505
0.9599
0.9678
0.9744
0.9798
0.9842
0.9878
0.9906
0.9929
0.9946
0.9960
0.9970
0.9978
0.9984
0.9989
0.9992
0.9994
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.5239
0.5636
0.6026
0.6406
0.6772
0.7123
0.7454
0.7764
0.8051
0.8315
0.8554
0.8770
0.8962
0.9131
0.9279
0.9406
0.9515
0.9608
0.9686
0.9750
0.9803
0.9846
0.9881
0.9909
0.9931
0.9948
0.9961
0.9971
0.9979
0.9985
0.9989
0.9992
0.9994
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.5279
0.5675
0.6064
0.6443
0.6808
0.7157
0.7486
0.7794
0.8078
0.8340
0.8577
0.8790
0.8980
0.9147
0.9292
0.9418
0.9525
0.9616
0.9693
0.9756
0.9808
0.9850
0.9884
0.9911
0.9932
0.9949
0.9962
0.9972
0.9979
0.9985
0.9989
0.9992
0.9995
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.5319
0.5714
0.6103
0.6480
0.6844
0.7190
0.7517
0.7823
0.8106
0.8365
0.8599
0.8810
0.8997
0.9162
0.9306
0.9429
0.9535
0.9625
0.9699
0.9761
0.9812
0.9854
0.9887
0.9913
0.9934
0.9951
0.9963
0.9973
0.9980
0.9986
0.9990
0.9993
0.9995
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.5359
0.5753
0.6141
0.6517
0.6879
0.7224
0.7549
0.7852
0.8133
0.8389
0.8621
0.8830
0.9015
0.9177
0.9319
0.9441
0.9545
0.9633
0.9706
0.9767
0.9817
0.9857
0.9890
0.9916
0.9936
0.9952
0.9964
0.9974
0.9981
0.9986
0.9990
0.9993
0.9995
0.9997
0.9998
0.9998
0.9999
0.9999
0.9999
1.0000

End of Appendix.
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