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Question 1 [20 marks]. A steel production company has three different processes
in place to produce varying amounts of two different grades of steel. The amounts of
iron, coal, and limestone (in tons) needed to run each process for one hour is detailed in
the table below. In addition the table gives the amounts (in tons) of each grade of steel
produced from running each process for one hour.

Iron Coal Limestone Low Grade Steel High Grade Steel
Process Required Required Required Produced Produced

1 14 3 8 11 0
2 17 5 10 0 9
3 40 13 28 12 18

Each ton of high grade steel can be sold for £1500 and each ton of low grade steel can
be sold for £1000. The company currently has 250 tons of iron, 200 tons of coal and 300
tons of limestone available.

(a) The company wants to know how to generate as much revenue as possible by
producing and selling steel using the processes described above (you may assume
that there is no limit on the number of hours each process can be run). Give a
linear program that models this problem. You do not need to solve this program. [9]

(b) Suppose now that, any of the 200 tons of coal that is not used, is sold at a price of
£400 per ton, which then contributes to the revenue of the company. Everything
else remains unchanged. Again, the company wants to know how to generate as
much revenue as possible. How should the linear program from the previous part
be changed to model the new situation? You do not need to solve this program. [3]

(c) Rewrite the following linear program in standard inequality form. You do not
need to write out each intermediate linear program, but briefly mention which
steps you take to arrive at your final answer. [You do not need to write your
answer in matrix form.]

minimize 7x1 − x2 + 5x3 − 10x4

subject to −11x1 − 12x2 − x3 + x4 ≥ 1,

x1 − 4x2 − 8x3 = 12,

2x1 + 6x2 + 3x4 ≤ 7,

x1, x2 ≥ 0,

x3 ≤ 0,

x4 unrestricted. [8]
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Question 2 [30 marks].

Consider a linear program in standard equation form:

maximize cTx

subject to Ax = b,

x ≥ 0.

(a) Prove (without assuming any results from lectures) that if x and y are optimal
solutions of the linear program, then every convex combination of x and y is also
an optimal solution of the linear program. [10]

(b) Now suppose x and y are both optimal solutions to the linear program above
where x ̸= y. Show that c is orthogonal to the line that passes through x and y. [5]

(c) Give the dual of the following linear program:

maximize x1 − 2x2 + 3x3

subject to x1 + x2 − 2x3 ≤ 1,

2x1 − x2 − 3x3 ≤ 4,

x1 + x2 + 5x3 ≤ 2,

x1, x2, x3 ≥ 0.

[6]

(d) Use complementary slackness to decide if x1 = 9/7, x2 = 0, x3 = 1/7 is an optimal
solution to the linear program above. Fully justify your answer. [9]
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Question 3 [25 marks].

(a) Solve the following linear program using the simplex algorithm. Show all your
working and indicate which row operations you are doing at each stage. Clearly
write down the final optimal solution. [Hint: the objective value of the optimal
solution is 25/2.]

maximize 2x1 − x2 + x3

subject to 2x1 + x2 ≤ 10,

x1 + 2x2 − 2x3 ≤ 20,

x2 + 2x3 ≤ 5,

x1, x2, x3 ≥ 0.

[15]

(b) Consider the following linear program.

maximize 3x1 + 6x2 − x3

subject to x1 + 2x2 + x3 ≤ 4,

x1 − x2 ≥ 3,

−3x1 + x2 − 2x3 = 2,

x1, x2, x3 ≥ 0.

(i) Apply phase 1 of the 2-phase simplex algorithm up to the point where the
initial tableau is brought into a valid form. [7]

(ii) What can you conclude about the linear program above from your answer to
part (b)(i). [3]
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Question 4 [25 marks].

(a) Rosemary and Colin play a game in which each of them writes down a number
from {1, 2, 3} without showing their number to the other player. They then reveal
their numbers to each other.

Suppose the sum of the numbers is s. If s ≤ 4, then Rosemary wins an amount s,
while Colin wins an amount s− 2. If s ≥ 5, then Colin wins an amount 8− s,
while Rosemary wins an amount 0.

(i) Write down the payoff matrix for this game, where, as usual, Rosemary’s
payoff is given first. [4]

(ii) Find Collin’s best response to each of Rosemary’s (pure) strategies. [2]

(iii) Find all of the pure Nash equilibria for this game. Briefly explain how you
obtain your answer. [5]

(b) Consider the 2-player zero-sum game with the following payoff matrix (which is
given, as usual, from the perspective of the row player).

c1 c2.
r1 6 −6
r2 3 9

(i) Write a linear program that finds the optimal mixed strategy for the row
player (i.e. the mixed strategy with the best security level). You do not have
to solve this linear program. [6]

(ii) Consider the mixed strategy x for the row player and y for the column
player given by xT= (1/3, 2/3) and yT= (5/6, 1/6). Show that this pair of
strategies is a mixed Nash equilibrium for this game. [8]

End of Paper.
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