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Question 1

a) State and prove the (discrete) binomial theorem.

[8 mark(s)]
b) Use the binomial theorem to establish the Chu-Vandermonde Convolution Identity
Z m n _(m+n
—~\i)\k—i) \ k )
1>0
where k, m,n are integers with 0 < k < m + n.
[7 mark(s)]

c¢) Given a finite set S with n > 0 elements, show that the number of subsets of S of odd size equals the
number of subsets of even size.

[10 mark(s)]
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Question 2

a) You may assume the combinatorial definition of binomial coefficients (i.e., (Z) is the number of k-element

subsets of an n-set), as well as the formula (Z) = ﬁlk), for 0 <k <n.
For non-negative integers n, k, and ni,no,...,ng with ny +ng + - - - + nx = n, denote by

n
ny,ng,...,Ng

the number of ways to distribute n elements into k£ consecutive boxes, such that, for each j with 1 < 57 < k,
the j-th box contains precisely n; elements. (These numbers are called multinomial coefficients.) Show

that
n _ n!
Ny, N, ..., Nk - ni!lng! --- nk‘!‘
[6 mark(s)]

b) Let R be a commutative ring with identity element 1. For a positive integer k and arbitrary elements
r1,...,T € R, prove the multinomial theorem

n_ " nL L T
(w1 + -+ xp) Z (nl,...,nk)ml Tk

[7 mark(s)]

c) Show: for given integers n,k with 1 < k < n, there is exactly one partition n = ny + --- + ng of n

maximizing the multinomial coefficient (m " nk)’ namely the partition

n=te-ng) (5] 1)

where 0 < r < k and » = n mod k. Conclude that

< n ) n!
max = =
(n1,...nk)ENE \TUL, -« -5 T (L) (L) + 1)t

n
3
ni+--+n=n
with r as above.

[12 mark(s)]

Turn over
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Question 3

a) Define incidence structures, left-tactical and right-tactical configurations, as well as tactical configura-
tions. What are the parameters of a tactical configuration?

[7 mark(s)]

b) State and prove the standard identity (in terms of its parameters) associated with a tactical configuration.
What identity can be proved if the incidence structure is left-tactical, but not right-tactical?

[8 mark(s)]

c)
(i) Explain what is meant by a 2-design. What are its parameters?
(ii) State the two identities associated with a 2-design, which are expressed in terms of its parameters.

(iii) Define the localisation Jp of an incidence structure J = (B, B, I) at a point P € B. Explain briefly
the connection between this construction and the standard identities for 2-designs.

[10 mark(s)]
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Question 4

a)
(i) Let © be a set, and let I' be a group. Explain what it means that I' acts on the set .
(ii) In the context of Part (i), what does it mean that I" acts freely on 27

(iii) Suppose that G is a finite group acting freely on a finite set Q. Show that |G| divides ||
[10 mark(s)]

b) Let I be a finitely generated group, let s, (I') be the number of subgroups of index n in I', and let ¢,,(T)
be the number of transitive permutation representations ¢ : I' = S, of I' of degree n.

(i) State a quantitative relation between these two sequences of numbers.

(ii) Outline briefly the strategy of proof of the relation in Part (i); in particular, explain the connection
with free group actions.

[10 mark(s)]

c¢) Asin Part b), let I be a finitely generated group, let h,(I") = [Hom(T", S,,)| be the number of permutation
representations of I' of degree n, and let t,(I") be as in Part b). Apply the exponential formula (with

justification) to prove that
> hy(T)2"/nl = exp <Ztn(F)z”/n!>. (1)

n>0 n>1
Combining (1) with Part b) (i), deduce the formal identity

> hn(T)2"/n! = exp ( > sa(l)z" /n> . (2)

n>0 n>1

[5 mark(s)]

Turn over
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Question 5

Consider the formal identity

St = exp (X s (B ) Q)

n>0 n>1

where F, is the free group of rank r > 1, and s, (F).) denotes the number of subgroups of index n in F;.

a) Use (3) to deduce the recurrence relation

n—1
sn(F) =n(m)™" =Y s (F)(n—k)), n>1
k=1

for the sequence (s, (F}))n>1 (this relation is due to M. Hall Jr.).

[6 mark(s)]

b) Show that, for all integers n,r with n,r > 1, we have
sp(Fr) =1 mod 2.

[5 mark(s)]

c¢) Prove that, for r > 2,
su(F) ~n(n)™t (n— o).

[14 mark(s)]

End of Paper



