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Unless explicitly stated, you may use, without proof, any theorem or claim proved in
the full lecture notes or any exercise contained therein. However, you must make clear
which result you are using in your answer.

In this examination R stands for the set of real numbers, R* stands for positive, non-
zero real numbers and N = {1,2,3,...} stands for the set of natural numbers.

Question 1 [25 marks].

(a) “Given a metric space (X, d), a sequence (x,)22, in X is Cauchy if and only if
Ve > 0,dN e NVm,n, |m —n| < N, d(zp,x,) <e.”

Is the above definition correct? If not, identify the problem and fix it. 4]

Consider the metric space (C°([0,1]),dp1) of continuous real-valued functions on [0, 1]
with the L' metric defined for f, g € C°([0,1]) by

dui(f,g) = / F(2) — g(a)] de.

(b) Prove that the following sequence (f,,)52, € C°([0,1]) is Cauchy:

0 zel0,5— 1]
fa@)=Snz+1-3) zel3-13].
1 z € [3,1]
[12]
(c¢) Show that (f,) cannot converge to a continuous function. 7]
(d) What does this say about the metric space (C°([0,1]), dp1)? 2]
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Question 2 [25 marks].  Given a vector space V, let (V, (-,-)) be an inner product
space.

(a) “Any inner product space induces a normed space with norm ||z|| = (z, z)%.”

Is the above assertion correct? If not, identify the problem and fix it. 5]

(b) Given non-zero vectors x,y € V, identifying relevant properties of normed and

inner product spaces, show that for rescaled vectors 2’ = ||;H2 Y = ||;J||27
1 2(z, y) 1
(e - + - 7]
[l Pyl yl?

(c) Starting from the triangle inequality for appropriately defined vectors z’; v/, 2/,
derive the following inequality:

[z =yl [I21] < lly = =2l {2l + |z = =[] [[y]] [13]

Question 3 [25 marks]. Let (X, 7) be a topological space. Let Y be a subset of X.

(a) “The relative topology Ty on a subset Y is equal to TUY”

Is the above definition correct? If not, identify the problem and fix it. 4]

(b) Y is a connected subset if and only if there exist relatively open sets A,B C'Y
such thatY = AUB and ANB # (.7

Is the above definition correct? If not, identify the problem and fix it. 4]

(c) Consider connected subsets A; C X, (i =1,..., N € N) such that

N
(A # 0.
i=1
N
Prove that U A; is connected. [10]
i=1
N
(d) Let X = U A; with N € N, where each A; is compact. Prove that X is compact. [7]
i=1
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Question 4 [25 marks].

(a) “Let (X,d) be a compact metric space and f: X — X be a contraction mapping.

Then f has a unique fixed point.”

Is the above assertion correct? If not, identify the problem and fix it.
(b) Consider R? with the Euclidean metric. Define f : R? — R? by

1

flo,y) = <§x+ L%(y— 1)> ,  zyeR

Show that f is a contraction mapping.
(c¢) Find a fixed point of f. Is this fixed point unique? Justify your answer.

(d) Given an arbitrary metric d on a non-empty set X, for any x,y € X consider

~

d(z,y) = d(z,y)*,  d(z,y) =kd(z,y) (keR).

Do d and d define metrics on X?

End of Paper.
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