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attempt is allowed — once you have submitted your work, it is final.
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You may assume any standard properties of the functions sin(), cos(), exp() and
In(), including the fact that they are continuous.

Question 1 [20 marks]. In this question, A, B C R are sets of real numbers.

(a) Define what it means for x € R to be the minimum of set A, and what it means
for x to be the infimum of A. [4]

(b) Suppose A has a minimum x € RR. Prove that x is also the infimum of A. [4]

(c) For each of the following sets, state whether it has a minimum and, if so, what
that minimum is. Also state whether it has an infimum and, if so, what that
infimum is. No explanations are required.

() {1/n:neN}, (i) Z (i) {1/n:neZ\{0}}, (v) @. 8]

(d) Give examples of sets A and B such that neither A nor B has an infimum, but
AN B does have an infimum. Briefly explain your answer. [4]

Question 2 [20 marks]. Let (x,)$_; be a sequence of real numbers.
(a) Write down quantifier expressions that express the following conditions:
(i) the sequence (x,)S_; converges to 0;
(ii) the sequence (x;)5’ ; tends to oo. (4]
In the remainder of the question, (x,);’_, is a sequence converging to 0.

(b) Which of the following statements are true and which are false? No explanation
is required.

(i) ((=1)"xy)s_, converges to 0.

(ii) (xp41 — x4)5q converges to 0.
(iii) If, in addition, x, # 0 for all n € IN then (1/x,)$"_; tends to co.
(iv) If, in addition, x,, > 0 for all n € N then (x,!/ ")e>_, converges to 0.

(v) (|xn])$ converges to 0. [10]

(c) Assume x,, > 0, for all n € IN. Prove, directly from the definition, that

(v/Xn )5>_q converges to 0. [6]
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Question 3 [20 marks].  For each of the sequences (x,)$’_; defined in parts (a)—(e),
decide if the sequence converges and, if so, to what value. Justify your answers. You
may appeal to any of the results covered in the module, provided you indicate which
you are using.

(@) x, = %COS(TIT(). (4]
(b) x, = <1 + %) cos(nr). [4]
() x, = Z;Zi i ZiZ i ZE, where b, > 0 and by, by > 0 are real numbers. [4]
(d) x, =exp(1/n). [4]
(e) x, =1In(1/n). [4]

Question 4 [12 marks].

(a) Let (x);>; be a sequence of real numbers. Define what it means for the series
(o]

Z xx to converge to S € R. [2]
k=1

(b) Give sequences (xi )z, with the following properties:

(i) Zxk converges, but kak does not.
k=1 k=1

oo [ee]
(ii) Zxk converges, but Z (—1)*x; does not.
k=1 k=1

(iii) Zxk /k! converges, but Zxk /2¥ does not.
k=1 k=1

No explanation is required. [6]

(c) Which of the following series converge? Justify your answers.

L& k42 . cos(kr/7) AV S
YR , 5 | - t4+4+4+4
(1)£2k2—1 Z k(k+1) (1“),;(31@—1 FArATR
[4+4+4]
You may use any results from the course provided you indicate which you are
using.
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Question 5 [20 marks].

(a) Define (using a quantifier expression) what it means to say that a function
f : R — R is continuous at a point a € R. [3]

(b) Prove directly from the definition that f : R — R given by f(x) = x> — 5x + 3 is
continuous at a = 0.
[You may like to try § of the form § = min{ce, 1} for a suitable constant ¢ > 0.]  [8]

(c) Using the Intermediate Value Theorem (IVT), show that the equation
x® — 5x + 3 = 0 has a solution for x in the range (—oo, —1] and another in the

range [1,00). Show explicitly that the conditions of the IVT are satisfied. [5]
(d) Prove that there is a real number x satisfying x> — 5x + 3 = sin(x). (4]
End of Paper.
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