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Question 1 [20 marks].

(a) Find the real and imaginary parts of i
1
4 , taking the fourth root such that its angle lies

between 0 and π
2 . Justify all of your steps. [10]

(b) Let z,w be two complex numbers such that zw 6= 1. Prove that if |z| = 1 or |w| = 1, then∣∣∣∣ z−w1− zw

∣∣∣∣ = 1 .
[10]

Question 2 [20 marks].

(a) Using the Ratio Test, or otherwise, determine the radius of convergence of the power
series ∞∑

n=1

(n!)2

nn
zn.

State the test that you are using and justify all of your steps.

[10]

(b) Using the Root Test, or otherwise, determine the radius of convergence of the power
series ∞∑

n=1

(n4 − 5n3)n

(3n2 − 8n4)n
(z+ i)n.

State the test that you are using and justify all of your steps. [10]

Question 3 [20 marks].

(a) Find the coefficients an and bn of the Laurent series

∞∑
n=0

an(z− z0)
n +

∞∑
n=1

bn(z− z0)
−n

of the function f(z) = 1+2z2

z3+z5
valid on the set {z ∈ C : 0 < |z| < 1}, where z0 = 0. Justify

all of your steps. [15]

(b) Determine the residue of the function f(z) from part (a) at the point z = 0. State all the
propositions (or theorems) that you are using and justify all of your steps. [5]
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Question 4 [20 marks].

(a) Express Log(2− 3i) in Cartesian form. Justify all of your steps. [5]

(b) Verify that the following function is harmonic

u(x, y) = 3x2y+ 2x2 − y3 − 2y2 .

Find a harmonic conjugate v of u, namely a function v such that the function
u(x, y) + iv(x, y) is an analytic function. Justify all of your steps. [15]

Question 5 [20 marks].

(a) Find all singularities of the function

f(z) =
e−1/z

3
sin(z− i)

(z− i)(z+ 3)2
,

and determine the nature of each of these singularities (e.g. removable singularity,
simple pole, double pole, essential singularity). Justify all of your steps. [10]

(b) Using the Residue Theorem, or otherwise, compute∫
C

e−1/z
3

sin(z− i)

(z− i)(z+ 3)2
dz,

where C is the positively oriented circle of radius 6 centered at z = 1. State all the
theorems that you are using and justify all of your steps. [10]

End of Paper.
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