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Question 1 [20 marks].

(a) Find all the solutions of the equation
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and express them in Cartesian (x + 1y) form. Justify all of your steps. [10]

(b) Describe the image of the domain {z € C: 1 < Rez < 4} under the transformation
Z 12 Justify all of your steps. [10]

Question 2 [20 marks].

(a) Let f(x,y) =u(x,y) +iv(x,y) be an analytic function on a domain Q such that f(z) # 0
for all z € Q. Prove that if |[f(z)| is a constant function on Q, then f(z) is a constant
function on Q. [10]

(b) Find all the branch points and the discontinuity points of the function

_z—V3z+2
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Justify all of your steps. [10]

f(z)

Question 3 [20 marks].

(a) Using the Ratio Test, or otherwise, determine the radius of convergence of the power

series
oo nn
n=1 "
State the test that you are using and justify all of your steps. [15]
(b) Does the series in part (a) converge for z = —% + 1%? Justify your answer. (5]
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Question 4 [20 marks].

(a) Find the coefficients a,, and by, of the Laurent series

D anlz—z))"+ ) balz—z) "
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of the function f(z) = z* cos (;—2) on the set {z € C:0 < |z| < 4}, where zog = 0. Justify all
of your steps. [15]

(b) Determine the residue of the function f(z) from part (a) at the point z = 0. State all the
propositions (or theorems) that you are using and justify all of your steps. (5]

Question 5 [20 marks].
(a) Find all singularities of the function

—1/22
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and determine the nature of each of these singularities (e.g. removable singularity,
simple pole, double pole, essential singularity). Justify all of your steps. [10]

(b) Using the Residue Theorem, or otherwise, compute

COSsZ
L - Nz_22%

where C is the positively oriented circle of radius % centered at z = 3. State all the
theorems that you are using and justify all of your steps. [10]

End of Paper.
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