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which result you are using in your answer.

Unless explicitly stated, you may use, without proof, any theorem or claim proved in
the full lecture notes or any exercise contained therein. However, you must make clear

In this examination R stands for the set of real numbers, R* stands for positive, non-
zero real numbers and N = {1,2,3,...} stands for the set of natural numbers.

Question 1 [25 marks].

(a) Let (X,d) be a metric space. Consider a subset Y C X. Under what conditions, if
any, can one define a metric space on Y7 Justify your answer.

(b) Let X = {a,b,c} with

d(a,b) =d(b,a) = n,

d(b,c) =d(e,b) =m > n,
d(a,c) =d(c,a) =,

d(a,a) = d(b,b) =d(c,c) =0

Prove that there exist choices of m,n,r € R such that (X, d) defines a metric

space.

(c) (i) What is the topology induced by the metric space found in part (b) above?

Justify your answer.

(ii) Is this topology connected?

(d) Is it possible to define a topology on the set X = {a, b, ¢} such that {a} is open
and not closed, while {0} and {c} are closed and not open?

Question 2 [25 marks].

Let (X, d) be a metric space.

(a) “The subset Q C X is called open iff 3 x € Q, r > 0 such that B.(x) C §.”
Is the above definition correct? If not, identify the problem and fix it.

(b) Let U,V be open subsets of X. Prove from the appropriate definition that U NV

is open.

(¢c) (i) Assuming the result of b) above, prove that given a finite collection

Uy, ..., Uy open,

N
ﬂ U; is open.

i=1

(ii) Why can’t this method be used to prove that for countably many open sets

ﬂ U; is open?
i=1
(d) Under what conditions is
d'(z,y) = ad(z,y) +b,

a,beR

a metric? Under such conditions, argue that the metrics d and d' are equivalent.
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Question 3 [25 marks].  Let (X, d) be a metric space.

(a) “A function f: X — X is called a contraction mapping iff 3 a real number o < 1
such that

d(f(z), f(y)) < ad(z,y) Ve,ye X.”
Is the above definition correct? If not, identify the problem and fix it.
(b) Consider X = R? with metric
d(u,@) = 3lo = 2| +ly—gl,  u=(zy), @a=(2,9). (1)
Is this metric space complete? Justify your answer.

[You may assume that (R, d(z,y) = |z —y|) is complete. You do not need to verify
that d defines a metric.]

(c) Let f:R? — R? be given by
fw)=(3y.5x=1), u=(zy).
Show that f defines a contraction with respect to the metric defined in .

(d) Find a fixed point of f. Is it unique? Justify your answer.

Question 4 [25 marks].
(a) Consider the sequence of functions
fn(z) = sin(nx), x € [0, 7).

Does this sequence converge in B([0, 7]), the space of bounded, continuous
functions with respect to the sup-metric?

(b) “Given topological spaces (X, 7x) and (Y, 7y), a function f: X — Y is called
continuous iff

VQ ey, f(Q) ey
Is the above definition correct? If not, identify the problem and fix it.
(¢) In R™, for a,b € R, consider the subset
Y ={x cR":a < ||z||* <b},
where || - || corresponds to the Euclidean norm on R™.

(i) Show that Y is open.

(ii) Deduce using the above result and the definition of continuity that the
function f:R™ — RT (with Euclidean metrics), f(z) = ||z||? is continuous.

(d) Using the above results, show that the subset K = {z € R" : ||z||?> = 1} is closed
in R".

(e) Prove that the set K defined in part (d) is compact.

End of Paper.
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