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In this exam G denotes Newton’s gravitational constant and 04 = axia Unless otherwise
stated, the indices a, b, c,... run from 0 to 3. Also, all expressions should be simplified
as much as possible.

Question 1 [15 marks].  Consider a covariant vector Aj.

(a) Write down the transformation law for A; under general coordinate
transformations. 5]

(b) Consider the object Fy; = 0;A; — 0;A;, where 0; = %. Compute the
transformation of Fy; under a general coordinate transformation. Is Fy; a tensor?  [10]

Question 2 [20 marks]. In this question you should assume that the dimension n
of the manifold satisfies n > 4.

(a) Write the Riemann tensor as a combination of the Weyl tensor, the Ricci tensor
and the Ricci scalar. 5]

(b) Using that V¢Ggp = 0, where Ggp, is the Einstein tensor, express the divergence of
the Ricci tensor, VRyp, in terms of the Ricci scalar. 5]

(c) Using the Bianchi identity for the Riemann tensor,
v[(1Rbc}de - O)

where V is the Levi-Civita connection, compute VCgpeq. [10]
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Question 3 [10 marks].  Consider the collision of a proton and an anti-proton both
with rest mass m, and 3-velocity v in units of ¢ = 1.

(a) Assuming that the collision is head on along the x axis so that the 3-velocities of
the proton and the anti-proton are v and —v respectively, find the value of v so
that the collision produces a Higgs boson at rest with rest mass My = 125 m,,. 5]

(b) Consider now that both the proton and the anti-proton move along the positive
x-direction forming an angle 8; and 0, respectively with respect to the x-axis in
the x —y plane. See the Figure below. Find v, 8; and 0, such that the Higgs
boson that is formed as a result of the collision moves only along the positive
x-direction with 3-velocity u = ‘/7§ (5]

Question 4 [20 marks].  Consider the general static spherically symmetric
spacetime with metric

ds? = —e?*Mat? 4+ M ar? 4 12 (d0? + sin? 0 dd?)

as written in the lecture notes. In addition, consider an anti-symmetric (0,2) tensor Fgy
whose only non-vanishing components are Fy, = —F,; = —%, where Q is a positive
constant.

(a) Show that the Einstein equations
Gap =8TG Typ

are equivalent to the so called trace-reversed Einstein equations

1
Rap =871 G (Tab 3 Jab T)
where T = T, is the trace of the energy momentum tensor. 5]
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(b) Compute the energy momentum tensor Ty, for Fup:

1 1
T = E_[ (Fac Fbc - Z gab Fea FCd)

Is T,p traceless? [5]

(c) Solve the trace-reversed Einstein equations in (a) using Ty, computed in (b),
fixing the integration constant so that the Q — 0 limit reduces to the
Schwarzschild spacetime. You can use the components of the Ricci tensor for a

spherically symmetric static spacetime computed in the lectures. [10]
Question 5 [20 marks].  Consider the line element
2GM  GP? 2GM  GP*\ '
ds® = (1 - = +r—2> dat* + (1 ——+ r—z) dr? +17(d6’ + sin* 0 dd?)

where M and P are constants satisfying M > P > 0.

(a) Find the expressions for the conserved energy E and angular momentum L along

the geodesics associated to the Killing vectors % and % respectively. 5]

(b) Find the effective potential V(r) that governs the radial motion of the geodesics:

1 [dr\?
z (a) +V(T‘)—<€,

where A is the affine parameter along the geodesics and £ = %Ez is defined in the
lecture notes. 5]

(c) Sketch V(r) for the null geodesics. You should assume L > 0. 5]

(d) Does this spacetime have any horizon(s)? If so, write down the spacetime metric
above in ingoing Eddington-Finkelstein coordinates that are smooth at the
horizon(s). 5]

Question 6 [15 marks].  The only non-vanishing component of the quadrupole
moment tensor of a rod of length L and mass M aligned with the x'-axis is

, 1
x LZ.
12M

/

IX

© Queen Mary University of London (2021)



MTH6132 (2021) Page 5

(a) Find the components of the quadrupole moment tensor IV in a frame in which the
rod is rotating with angular velocity Q:

x =x"cos(Qt) +y’sin(Qt),
y=—x'sin(Qt) +y’cos(Qt),
z=12z

(Note that IV is a tensor with only spatial components and hence the indices 1, j
only take the values x, y and z.) 5]

(b) Calculate the power radiated in gravitational waves by the rotating rod. [10]

End of Paper.
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