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• You may use the Internet as a resource, but not to ask for the solution to

an exam question or to copy any solution you find.
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Question 1 [30 marks].

Let Wt be a standard Brownian Motion.

(a) The simplest version of the Ornstein-Uhlenbeck process Xt is defined by

Xt = e−tWt, for some constant θ > 0.

(i) Does this process have independent increments? [3]

(ii) Is Xt a Brownian Motion? [3]

(iii) Derive the distribution of the increment Xt −Xs for t > s. [3]

(iv) Compute µm = E[(Xt)
m] for all integer m > 0. [3]

(v) Compute Cov(Xt, Xs). [3]

(b) Consider a Brownian Motion Bt = µt+ σWt, where Wt is the standard

Wiener Process and µ, and σ are the parameters of the Brownian Motion.

We also define the related Geometric Brownian St by St = eBt .

Are the following processes martingale or not, with respect to the natural

filtration, i.e. the one associated with Wt? Please show the detailed

calculation to support your answers.

(i) Zt = 3Wt; [5]

(ii) Zt = W 2
t − 2t; [5]

(iii) Zt = e−µt−σ2t
2 St. [5]
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Question 2 [20 marks]. A short rate of interest is governed by the Vasicek

model, i.e.

drt = −a(rt − µ)dt+ σdBt

where Bt is a standard Brownian motion and a, µ > 0 are constants.

You are given that rt has the following explicit expression:

rt = µ+ (r0 − µ)e−at + σ

∫ t

0

ea(s−t)dBs.

(a) Calculate the probability P[rt < 0] when t → ∞. Please show the detailed

calculation , rather than use the result on relevant slides directly. [10]

(b) State what happens to P[rt < 0] as |σ| → 0. [5]

(c) Critically evaluate the Vasicek model. [5]

Question 3 [20 marks]. The company F. Bancroft & Sons issued

zero-coupon bonds with expiration time of 5 years today, and the total nominal

value of £1 million. The total value of the company now stands at £1.2 million.

A continuously compounded interest rate is 3% per annum. The total value of

the company follows the Geometric Brownian motion with parameters µ = 0.3

and σ = 0.1.

(a) Give three examples of credit risk models. Which of them are structural

model(s)? [4]

(b) Under the Merton model, calculate the current value of the shareholders’

equity. [8]

(c) In 2 years time, the company’s value drops by 10%. Calculate the

probability of F. Bancroft & Sons’s default on its obligation to bondholders. [8]
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Question 4 [30 marks].

The price of a share S(t) evolves according to a Geometric Brownian Motion with

parameters S, µ, σ, i.e. S(t) = Seµt+σW (t). The continuously compounded

interest rate is r.

An exotic derivative on this share has the payoff function

R(T ) =
1

T

∫ T

0

S(t)(S(T )− c)dt.

Where c is a constant. The payoff time is T .

(a) Prove that E
(
eaW (t)+bW (t+s)

)
= e

(a+b)2

2
t+ b2

2
s, where t > 0 and s > 0. [10]

(b) Use the result obtained in (a), calculate the no-arbitrage price of this exotic

derivative. [10]

(c) Consider another exotic call option on the same share with expiration time

t.

Its strike price K depends on S(s) and W (s), where s < t, i.e.

K = e−σW (s) × (S(s))2.

Denote by C̃ the no-arbitrage price of this option.

Denote by C(S, T,K, σ, r) the Black-Scholes price of the standard European

call option.

Using the properties of the Wiener process, derive the expression for the

price C̃ in terms of the expectation of the risk-neutral process S̃(t) and µ̃,

and show C̃ = C(S ′, T ′, K ′, σ′, r′). (Please write down the explicit

expression of S ′, T ′, K ′, σ′, r′). [10]

End of Paper.
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