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You may refer to general results from lectures.

Question 1 [20 marks]. In this question, V' = K[z]3 denotes the vector space
consisting of zero or polynomials of degree < 3, with coefficients in a field K. Let

U={feV]f0)=0, f(2) =0}

(a) Show that U is a subspace of V.

In the rest of this question, let u; = z(z — 2), uy = 2*(x — 2) as vectors in U.
(b) Are wuy,us linearly independent for K = R?
(¢) Do uy,us span U for K =R?

(d) Repeating for K = Fy, the field of integers mod 2, are uy, us linearly independent
in this case? Do they span U in this case?

Justify all your answers.

Question 2 [20 marks].

(a) If U, W are subspaces of a vector space V', define the subspace U + W and what is
meant by U @& W.

In the rest of this question, let V' = R? as column vectors and let

U:{ yl eV |z+y+22=0, Q:B—y—z:O},

xr
W:{ Y EV]3:c—y+z:O}
z

be subspaces of V.
(b) What are the dimensions of U, W and what is U N W7
(c) Is it true that U + W = V7
(d) Is it true that V =U @ W?
)

(e) Is it true that there exists a 3 x 3 matrix I € M3(R) such that IT? = IT and
ColumnSpace(Il) = U?

(Hint: you may wish to consider a linear map 7 : V' — V with matrix II relative
to the standard basis of V.)

Justify all your answers.
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Question 3 [20 marks].

(a) The group S, consists of the identity and the transposition (12). Show that the
Leibniz definition of the determinant reduces in the case of a 2 X 2 matrix to the
usual Laplace formula.

. la+b ¢
(b) Write dte f

a,b,c,d,e, f € K.

as the sum of two determinants of 2 x 2 matrices, for all

(c) Working over R, use row and column operations to put the matrix

0123
A:{3210}

into canonical form for equivalence.

(d) Let V be a vector space over R with basis vy, -+ ,vy and W a vector space with
basis wy,ws. Let a1 V' — W be the linear map with the matrix A in part (c¢) with
respect to these bases. Find the nullity v(«) and determine image(«).

Justify all your answers.

Question 4 [20 marks].
(a) Define the minimal polynomial m,(z) of an n x n matrix A over a field K.

(b) Find the characteristic polynomial p,(z) for

120
A= 0 2 1],
10 2

as a matrix over C, and hence my4(x) in this case. Show your working.

(c) Using the results of part (b), or otherwise, show that A can be diagonalised over
C and find its eigenvalues.

(d) Show that if the matrix in part (b) is regarded instead over Fy then it cannot be
diagonalised.
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Question 5 [20 marks].

(a) Given an n x n real matrix A = (a;;), define ga(z1, -+, @,) = >0, aiziv; as a
quadratic form on R™. Why is it sufficient to take A here to be symmetric? 4]

(b) Let ga(z,y,z) on R? be defined by

2
0
-1

A:

N O =
S NN O

with z; denoted as usual by x,y, z. By putting ga(z,y, 2) into the canonical form
in Sylvester’s Law of Inertia, find the associated s, ¢ such that A is congruent
to the diagonal matrix with s entries 1, ¢ entries -1 and zero elsewhere. 7]

(c) Why can we not use A in part (b) to define an inner product space (R?,-) with
the standard basis v; of R?* and v; - v; = a;;7? 3]

(d) Give an example of an inner product space on R? such that the associated matrix
A = (a;;) with respect to the standard basis is not a diagonal matrix. 6]

Justify all your answers.

End of Paper.
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