&
% Queen Mary

University of London

Main Examination period 2017

MTH6136 / MTHG6136P: Statistical
Theory

Duration: 2 hours

Apart from this page, you are not permitted to read the contents
of this question paper until instructed to do so by an invigilator.

You should attempt ALL questions. Marks available are
shown next to the questions.

Only non-programmable calculators that have been approved from
the college list of non-programmable calculators are permitted in
this examination. Please state on your answer book the name and
type of machine used.

Complete all rough work in the answer book and cross through any work that
is not to be assessed.

Possession of unauthorised material at any time when under examination
conditions is an assessment offence and can lead to expulsion from QMUL.
Check now to ensure you do not have any notes, mobile phones,
smartwatches or unauthorised electronic devices on your person. If you do,
raise your hand and give them to an invigilator immediately.

It is also an offence to have any writing of any kind on your person, including
on your body. If you are found to have hidden unauthorised material
elsewhere, including toilets and cloakrooms, it shall be treated as being found
in your possession. Unauthorised material found on your mobile phone or
other electronic device will be considered the same as being in possession of
paper notes. A mobile phone that causes a disruption in the exam is also an
assessment offence.

Exam papers must not be removed from the examination room.

Examiners: Dr Dudley Stark, Prof Franco Vivaldi

© Queen Mary, University of London (2017) Turn Over



Page 2 MTH6136 / MTH6136P (2017)

Question 1. [20 marks|
(a) Let T be an estimator of ¢.
(i) Define what is meant by the mean square error and the bias of
the estimator T. (2]

(ii) Prove, directly from the definition of mean square error, that if T’
is unbiased for ¢, then the mean square error of 7" equals the
variance of T (3]

(b) Let Y1,Ys,...,Y, be independent Poisson distributed random variables
with parameter \.

(i) Show that Y is unbiased for . (3]
(ii) Show that Y is consistent for A. (5]

(iii) Use the central limit theorem to find an approximate 100(1 — «)%
confidence interval for A. [7]

Question 2. [20 marks| Suppose that Y3,Ys,...,Y,, are independent
inverse gamma random variables with probability density function

B
fr(y) = 2_y46 v, y>0,

where 3 > 0 is a parameter.

(a) Show that the maximum likelihood estimator of /3 is

3n
Yy

6]
(b) Find the Cramér-Rao lower bound for unbiased estimators of 3. Given
that E(Y) = 3/2 and var(Y') = (3?/4, show that 2Y is an unbiased
estimator of 3 and determine whether it is an asymptotically efficient
estimator. 9]
(c) Use Neyman’s Factorisation Lemma to show that >  1/Y; is a
sufficient statistic for (. (5]
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Question 3. [20 marks| Suppose that Y3,Ys,...,Y,, are independent
lognormal random variables with probability density function

1 1 )
fr(y) = mexp {—T‘Q(bgy — ) } , y>0,

where —oo < i < oo and o2 > 0 are parameters.
(a) Show that this distribution is a member of the exponential family. 8]
(b) Write down complete sufficient statistics for p and o2 (3]

(c¢) Given that
o2
E(Y)=¢""7 and E(Y?) =2

find the method of moments estimators for p and 0. Are these
estimators minimum variance unbiased estimators? Justify your answer. [9]

Question 4. [20 marks| Let Y},Ys,...,Y,, be exponential random
variables with parameter A\; > 0, and let Y,,, 11, Yo, 42, -, Yo, 4n, b€
exponential random variables with parameter Ay > 0, all independent. Let Y
be the mean of the first n; observations, and let Y5 be the mean of the
remaining observations.

(a) Show that the maximum likelihood estimators of A; and Ay are 1 /Y,
and 1/Y5, respectively. [7]

(b) Given that 2\;n,Y; and 2\yn,Y 5 have chi-squared distributions with
respective degrees of freedom 2n; and 2ns, explain why

2 __
/)\1 Yl
)\2 72
is a pivot for \/A1/As. [7]

(c¢) Use this pivot to derive an exact 100(1 — «)% confidence interval for

VAL Do 6]
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Question 5. [20 marks| Suppose that Y is a single observation from a
population with beta distribution

frly)=0y"", 0<y<1,
where 0 > 0 is a parameter.

(a) For testing Hy : 0 < 1 against H; : # > 1, find the significance level and
the power function of the test that rejects Hy if Y > 1/2. [6]

(b) Find the most powerful level « test of Hy : 6 = 1 against Hy : § = 2. 8]

(c) Is there a uniformly most powerful test of Hy : 0 = 1 against Hy : 6§ > 17
Justify your answer. (6]

End of Paper.
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