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Question 1 [12 marks]. An urn contains 3 black and 5 white balls. Consider the
following game:
1. A player picks a ball at random and replaces it by a ball of the opposite colour.
2. Then the player repeats this action one more time.

The game is won if the content of the urn remains unchanged.

(a) What is the probability of picking a black ball at step 2? [4]

(b) What is the probability that the payer wins the game? [5]

(c) Suppose now that the player pays £1 for the right to play this game. If the player
wins the game then he gets back £1 and in addition is given £x. If he loses the
game then he also loses his pound. For what value of x is the game fair?

Remark. In a fair game, the mean value of a player’s gain is equal to zero. [3]

Question 2 [26 marks]. Two random variables X and Y have a joint probability
density function fX,Y (x, y).

(a) (i) State the definition of the probability density function fX,Y (x, y) of two
jointly continuous random variables (X, Y ). [3]

(ii) Prove that the probability density function fX(x) of the random variable X
is given by

fX(x) =

∫ ∞
−∞

fX,Y (x, y)dy.

[6]

(b) Suppose now that

fX,Y (x, y) =

{
3e−2x−y if y > x > 0,

0 otherwise.

(i) Find P (Y > 2X). [5]

(ii) Find the marginal probability density function fX of X. [4]

(iii) Find the conditional density function fY |X=x(y) of Y given that X = x. [4]

(iv) Calculate the conditional expectation E(e0.5Y |X = x). [4]
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Question 3 [16 marks].

(a) The random variable X has Gamma distribution Ga(α, β).

You are reminded that the probability density function of X is given by
fX(x) = βα

Γ(α)
xα−1e−βx if x > 0 and fX(x) = 0 otherwise.

(i) Find the moment generating function MX(t). [5]

(ii) Find the expectations E(X) and E(X2).

Hint. Use the moment generating function found in (a)(i). [4]

(b) Let X1, X2, ..., Xn be independent identically distributed exponential random
variables, Xi ∼ Exp(λ).

Find the probability density function fY (y) of the sum Y =
∑n

i=1Xi.

Hint. Compute MY (t). [7]

Question 4 [6 marks]. Suppose that you roll a fair 4-sided die n times. The sides
of the die are marked with numbers 1, 2, 3, and 4. Denote by Xi the number on the
side of the die on which it lands on the ith roll. Set Sn =

∑n
i=1Xi. Prove that

lim
n→∞

P(2.48n < Sn < 2.53n) = 1. [6]
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Question 5 [30 marks]. Consider two independent random samples

X1, X2, ..., Xn1

iid∼ Bernoulli(p1) and Y1, Y2, ..., Yn2

iid∼ Bernoulli(p2), where p1 and p2

are unknown parameters. Set X = 1
n1

∑n1

i=1 Xi, Y = 1
n2

∑n2

i=1 Yi.

(a) This question is about the approximate two-sample binomial Z-test for testing
the hypothesis H0 : p1 = p2 versus H1 : p1 > p2 at significance level α.

(i) Compute the variance of X − Y and write down the expression for this
variance under H0 in terms of p, where p = p1 = p2. [6]

(ii) State the pooled estimate p̂ for p under H0 and explain why p̂→ p as
n1 + n2 →∞. [3]

(iii) State the statistic you are going to use in this test. [3]

(iv) What is the approximate distribution of the test statistic (given that H0 is
true)? [3]

(v) State the rejection rule for this test. [3]

(b) A basketball coach has to decide who of the two members of his team, John or
Bill, is better prepared for the next game. During the last training session John
scored 16 times out of 20 attempts and Bill scored 10 times out of 16 attempts.

Let p1 be the frequency of successes for John and p2 be the frequency of successes
for Bill. The coach computes the estimates x̄ = 16

20
= 0.8 for p1 and ȳ = 10

16
= 0.625

for p2. Since x̄ > ȳ, he decides that at present John is in a better shape than Bill.

Test the hypothesis H0 : p1 = p2 versus H1 : p1 > p2 at significance level α = 0.02.
Does the result of your test support the coach’s decision? [7]

(c) Using the above data find the 95% Wald confidence interval for p1 − p2. [5]

Question 6 [10 marks]. A six sided die was rolled repeatedly 300 times. The
results of the observation were divided in three groups. Group A consists of results with
a 1 on the top. Group B consists of results with a 2 or 3 on the top. Group C consist of
all other results. The total number of results in each group is presented in the following
table:

A B C
58 110 132

(a) Test the claim that the die is fair at 5% significance level. [7]

(b) Find the P -value of the test. [3]

End of Paper.
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