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In this exam, P (·) denotes a probability measure defined on a space (Ω,F) and E(·)
denotes the expectation with respect to P .

Question 1 [10 marks]. A player competes at a game involving the rolling of a fair
8-side die.

(a) Suppose that, if it comes up 1, 2 or 3 the player wins, if it comes up 6, 7 or 8 the
player loses, if it comes up 4, 5 the player plays again. What is the probability the
player wins? [5]

(b) Suppose now that, if it comes up 1, 2 or 3 the player wins £3, if it comes up 7 or 8
the player loses £2, if it comes up 4 or 5 the player must roll again and if it comes
up 6 the game finishes and the player receives £0. What is the expected reward of
the player in this game? [5]

Question 2 [22 marks]. Suppose that X and Y have joint probability density
function given by

fX,Y (x, y) =

{
2x3 + y if 0 ≤ x ≤ 1, 0 ≤ y ≤ 1

0 otherwise

(a) Prove that fX,Y is indeed a probability density function. [4]

(b) Find P (0 < X < 0.5 , 0.5 < Y < 1). Give your answer to 4 decimal places. [4]

(c) Find P (X > Y > 0). Give your answer to 4 decimal places. [4]

(d) Find the marginal probability density function fX of X. [4]

(e) Calculate the conditional density function fY |X=x(y) of Y given than X = x. [4]

(f) Are X and Y independent? Justify your answer. [2]

Question 3 [15 marks]. Let X and Y have the joint probability density function

fX,Y (x, y) =

{
6x2y, for 0 < x < 1, 0 < y < 1

0, otherwise

(a) Find the joint probability density function fU,V of U = X + Y and V = X. [7]

(b) Using part (a) or otherwise, find the probability density function of X + Y . [5]

(c) Describe in a few steps (without doing the calculations) how one can obtain the
moment generating function of X + Y by using only the expression fX,Y (x, y) in
the above example – without using the probability density function of X + Y
from part (b). [3]
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Question 4 [10 marks]. Let X1, X2, . . . , Xn and Y1, Y2, . . . , Ym be random samples
from normal distributions with a common variance σ2. Assume that
X1, . . . , Xn, Y1, . . . , Ym are all mutually independent. It can be shown that

Var(S2
X) =

2σ4

n− 1
and Var(S2

Y ) =
2σ4

m− 1
,

where S2
X is the sample variance for the X’s and S2

Y is the sample variance for the Y ’s.
Let us denote T = aS2

X + bS2
Y for some constants a, b 6= 0.

(a) What condition a and b need to satisfy to guarantee that T is an unbiased
estimator for σ2. [3]

(b) Find a that minimises Var(aS2
X + (1− a)S2

Y ). [7]

Question 5 [20 marks].

(a) A bottling machine fills wine bottles with amounts that follow a normal
distribution N(µ, σ2), with σ = 5 (grams). In a sample of 16 bottles, x̄ = 743
(grams) was found. Construct a 95% confidence interval for µ. [3]

(b) What sample size is needed if we want a 99% confidence interval for µ with length
that is at most 1? [6]

(c) Now suppose the content of the bottles has to be determined by weighing. It is
known that empty wine bottles involved has a weight that follows a normal
distribution with mean 250 grams and standard deviation of 15 grams. For a
sample of 16 full bottles, an average weight of 998 grams was found. You may
assume that the amount of wine is independent of the bottle weight.

(i) Find the distribution of the weight of the i-th full wine bottle, where
i = 1, . . . , 16. [6]

(ii) Construct a 95% confidence interval for the expected amount of wine per
bottle µ. [5]
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Question 6 [23 marks]. Samples of wood were obtained from the core and
periphery of a certain English castle. The date of the wood was determined, giving the
following data.

Core Periphery

1294 1251 1284 1274
1279 1248 1272 1264
1274 1240 1256 1256
1264 1232 1254 1250
1263 1220 1242
1254 1218
1251 1210

In the following hypotheses testing problems, use both critical values and p-values to
reach your conclusions. Use significance level 0.01.

(a) Assuming equal variance, test to determine if the mean age of the core is the same
as the mean age of the periphery. [8]

(b) Assuming unequal variances, test if the mean age of the core is the same as the
mean age of the periphery. [8]

(c) Test whether the equal variance assumption is reasonable or not. [7]

End of Paper.
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