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Question 1 [22 marks|. Consider the curve
C={(xy,z) €R®|z=xcosx,y = xsinx, 0 < x < 67},
and consider the following parametrisation of C:
v :(0,6m) — C, v(t) = (t,tsint, tcost).
(a) Sketch the image of y. 6]

(b) Compute the tangent line to C at the point (%‘, —37”, 0). In addition, draw and

label this on your sketch from part (a). 8]

(¢) Assume that C is also given the “leftward” orientation, that is, the orientation of
decreasing x-value. Compute the curve integral

J F - ds,
c

where F is the vector field on R? given by

F(x,y,2) = (y> +2%,0,0) (xy.2)- 8]
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Question 2 [22 marks|. Consider the surface
S={(xy,z) € R® | x* +4y* + 42% = 4},
and consider the following parametrisation of S:
o:(0,m) x (0,1) — S, o(u,v) = (2cosusinv, sinusinv, cosv).

(a) Sketch the image of 0. Moreover, on your sketch, indicate (i) one path obtained
by holding v constant and varying u, and (ii) one path obtained by holding u
constant and varying v.

(b) Find the unit normals to S at the point (0, 1,0).

o

where F is the real-valued function

(c) Consider the surface integral

F:RP SR,  Flxy,z) =4—x>—4y? — 422

Find the value of this surface integral.
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Question 3 [25 marks].
(a) Find the minimum and maximum values of the function
a:R? 5 R, a(x,y) = x4y,

subject to the constraint
X +yt =1

Also, at which points are these minimum and maximum values achieved?

(b) Which of the following surfaces are bounded?

S1={(xy,2z) ER’ | x+y+z=1},
Sz :{(X)H,Z) € R3 |x2+y2+222 :4}7
S; ={(x,y,z) € R® | x* +y*> — 22 = 4}.
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Question 4 [31 marks].

(a) Give a parametrisation of the surface
Q={(xy,2) e R’ |x*+2y" —2z2 =2}
whose image contains the point (0,—1,0). 6]

(b) Consider the curve
L={(xy) eR*|y=2x},

and consider the following three parametric curves:
Y1 :R%Rza Y1 (t) = (t4)2t4)7

v :R = R?, Ya(t) = (—2t,—4t),
vi:R—=RY ys(t) = (2t,1).

(i) Only one of vy, y2, v3 is a parametrisation of L. Which one is it?

(ii) Why do the other two parametric curves fail to be parametrisations of L? [6]
(c¢) Let C, denote the circle of radius r about the origin,
Cr={xy) e R [x* +y* =1}

Apply Green’s theorem to compute the area of the region bounded by C, using
a curve integral over C;. 7]

(d) Let V be the solid half-ball,
V={xvyz) eR|x¥*+y*+22<1,x<0k.

Describe the boundary of this region V, as one or more surfaces in R3. (You
should express these curves as sets, or you can draw them for partial credit.) 6]

(e) Is the following parametric curve regular:
p:(0,2m) — R, p(t) = (cos(3t) cost, cos(2t))?

Justify your answer. 6]

End of Paper.
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