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Question 1 [15 marks]. Let the random variable S denote the aggregate claims
paid by the insurer, the random variable Xi denote the amount of the i-th claim, and
{Xi}ni=1 are independent and identical random variables. S =

∑N
i=1Xi, where the

discrete random variable N represents the number of claims.
Suppose N follows a Poisson(λ) distribution, whose MGF is given by:

MN(t) = eλ(e
t−1).

The mean and variance of the Poisson distribution are both λ.
All {Xi}ni=1 follow Normal(µ, σ2), whose MGF is given by:

MX(t) = eµt+
1
2
σ2t2 .

You can use the following formulae without proof:
The moment generating functions (MGF) of S,Xi, N satisfy the equation
MS(t) = MN [logMX(t)].

(a) Find an expression for the MGF of the aggregate claim amount if the number of
claims has a Poission(100) distribution and individual claim sizes are
Normal(20, 62). [8]

(b) Find the mean and variance of the aggregate claim amount. [7]

Question 2 [30 marks]. An insurer has effected excess of loss reinsurance with
retention level 700. The annual aggregate claim amount from the insurer’s risk has a
compound Poisson distribution with Poisson parameter 20. Individual claim amounts
are uniformly distributed on [0, 1000].

(a) Calculate the mean and variance of the insurer’s aggregate claims under this
reinsurance arrangement, SI . [10]

(b) Calculate the mean and variance of the reinsurer’s aggregate claims under this
reinsurance arrangement SR. [10]

(c) What is the variance of S, the aggregate claim amount before reinsurance? [10]
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Question 3 [30 marks].

(a) Explain, in words, the meaning of the following copula expression: C(u, v). [2]

(b) A Clayton copula is defined in the bivariate case as:

C[u, v] = (u−α + v−α − 1)−
1
α for α > 0.

Derive the coefficient of lower tail dependence for the Claydon copula. [10]

(c) Let X and Y be two random variables representing the future lifetimes of two
30-year old individuals, who are married and live together. You are given that:

P (X ≤ 40) = 0.16, P (Y ≤ 40) = 0.25.

Calculate the joint probability that both lives will die by the age of 70 using the
Clayton copula with α = 0.5. [5]

(d) Is it appropriate if we use the Clayton copula with a new α value, α = −0.3, to
calculate the joint probability that the two lives in (c) will die by a certain age,
with all else being the same? [3]

(e) Now consider the Frank copula. The Frank copula is an example of
Archimedean copulas. For the case where there are 3 variables, Archimedean
copulas take the form:

C[u, v, w] = Ψ[−1](Ψ(u) + Ψ(v) + Ψ(w))

Derive an expression for the Frank copula for the case where the parameter
α ̸= 0 and there are 3 variables.
The Frank copula has a generator function:

Ψ(t) = −ln

(
e−αt − 1

e−α − 1

)
[10]
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Question 4 [25 marks]. Assume individual claim amounts, X, follow a
distribution with density function

f(x) = 0.02xe−x, x > 0.

Claim events on a portfolio of insurance policies follow a Poisson process with
parameter λ.
The insurance company calculates premiums using a premium loading of 30%.

(a) Derive the moment generating function, MX(t), given that t < 1. [10]

(b) The adjustment coefficient, R, is the unique positive root of the following
equation, where c = (1 + θ)λE(X) is the rate of premium income and λ is the
Poisson parameter:

MX(R) = 1 +
cR

λ
.

Determine the adjustment coefficient R. (Showing the equation in the simplest
form, with the only unknown parameter being R, is enough to get full marks. You
don’t have to solve for all the Rs.) [10]

(c) Suppose instead that individual claims are now for a fixed amount of E(X). Will
the probability of ultimate ruin for this business increase, decrease or remain
unchanged? Explain your answer. [5]

End of Paper.
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