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In this paper graphs do not have loops or multiple edges.

Question 1 [25 marks].

(a) Define the Turán density π(F ) of a finite graph F . [3]

(b) State (without proof) a useful formula relating π(F ) to another graph parameter
of F , defining any terms you use. [3]

(c) For t > 2, let At be the graph on t2 vertices defined by

• V (At) = {(x, y) : x, y ∈ {1, 2, . . . , t}}
• Distinct vertices (x1, y1) and (x2, y2) are adjacent if and only if x1 = x2 or
y1 = y2.

Use part (b) to determine π(At) for all t > 2. [5]

(d) For t > 2, let Bt be the graph on t2 vertices defined by

• V (Bt) = {(x, y) : x, y ∈ {1, 2, . . . , t}}
• (x1, y1) and (x2, y2) adjacent if and only if either (i) x1 = x2 and |y1 − y2| = 1

or (ii) y1 = y2 and |x1 − x2| = 1.

Use part (b) to determine π(Bt) for all t > 2. [5]

(e) For each of the following conditions either give an example of a finite graph F
satisying it or explain why no such graph exists: [9]

(i) π(F ) =
√
2
2

(ii) F has 7 vertices and π(F ) = 0.9

(iii) F is K4-free and π(F ) = π(K4)

Question 2 [25 marks].

(a) State the maximum number of edges in a triangle-free graph on n vertices, and
describe the family of graphs attaining it. [5]

(b) Suppose that n is even and 0 6 r 6 n− 1. For which values of r does there exist
an r-regular triangle-free graph on n vertices. Justify your answer. [7]

(c) Decide whether the following statement is true or false, giving a proof or
counterexample as apropriate: For any triangle-free graph G with fewer edges
than the maximum you gave in part (a), it is possible to add an edge to G
without creating a triangle. [6]

(d) Let x1, x2, . . . , xn ∈ R satisfy that there are no distinct i, j, k with
xi + xj + xk = 3. What is the maximum number of pairs (i, j) with 1 6 i < j 6 n
satisfying xi + xj = 2. Prove your answer. [7]
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Question 3 [25 marks]. This question is about subgraphs of the random graph
Gn,p.

(a) Let X be the random variable which counts the number of copies of K4 in Gn,p.
Determine a formula for E(X) and show that if p = n−c for some c > 2/3 then
limn→∞ E(X) = 0. [5]

(b) Deduce that when p = n−c for some c > 2/3 we have

lim
n→∞

P(Gn,p is K4-free) = 1. [5]

(c) Let H be the graph below. Let Y be the random variable which counts the
number of copies of H in Gn,p.

Show that if p = n−c for some c > 4/5 then limn→∞ E(Y ) = 0. [5]

(d) Find a p significantly larger than n−4/5 for which limn→∞ P(Gn,p is H-free) = 1. [5]

(e) Construct a graph F satisfying both of the following:

• When p = n−1/10 we have limn→∞ P(Gn,p is F -free) = 1

• When p = n−9/10 we have limn→∞ E(the number of copies of F in Gn,p) 6→ 0.

Justify why your example works. [5]

Question 4 [25 marks].

(a) Show that the number of copies of K1,t (the star with t leaves) in an n-vertex
graph with e > tn

2
edges is at least

n

t!

(
2e

n
− t

)t

[7]

(b) Suppose that 2e
n

is an integer. Which graphs on n vertices with e edges contain
the fewest copies of K1,t? [5]

(c) Use the t = 2 case of part (a) to give an upper bound on ex(n,K2,4). [5]

(d) Use the t = 4 case of part (a) to give an upper bound on ex(n,K2,4). [5]

(e) Which of parts (c) and (d) is a stronger bound for large n? [3]
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Question 5 [25 marks].

(a) State and prove Dirac’s Theorem on Hamilton cycles in graphs. [5]

(b) Let X = {1, 2, . . . , n}. The Kneser graph K(n, r) is defined by

V (K(n, r)) = {A ⊆ X : |A| = r}

with A,B adjacent if A ∩B = ∅.

(i) Show that K(n, 2) is Hamiltonian for all n > 8. [6]

(ii) Find a necessary and sufficient condition on n and r for K(n, r) to be
triangle-free. [5]

(c) For each of the following conditions either give an example of a graph satisfying it
or prove that no such graph can exist: [9]

(i) G is a bipartite graph on an odd number of vertices with a Hamilton cycle.

(ii) G is a regular graph on an even number n > 4 of vertices and both G and its
complement G are non-Hamiltonian.

(iii) G is a 4-regular Hamiltonian graph on 100 vertices with the property that
deleting any vertex (and its incident edges) from it gives a Hamiltonian
graph.

End of Paper.
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