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Question 1 (10 marks).
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(a) Plots A and B show Q-Q plots for two samples of size 100, of different
quantities. Assuming that the horizontal axes show the reference distribution,
explain for this type of plot what is shown on the axes, what each circle in
the plots represents and what general pattern we expect to see if the sample is
from the reference distribution. [4]

(b) Assuming that the reference distribution is a standard normal distribution,
what does each plot tell us about the distribution of that sample? [6]

Question 2 (15 marks).

(a) Suppose we have a random sample y1, . . . , yn. Define the empirical
cumulative distribution function for this sample. [3]

(b) We wish to test at the 10% level of significance if the sample

2.85, 3.77, 4.98, 3.36, 5.87

comes from a normal distribution with mean 4 and standard deviation 1,
using the two-sided Kolmogorov-Smirnov one sample test. Carry out this
test, stating clearly your null hypothesis and conclusions. [12]
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Question 3 (13 marks).

(a) State the general formula for a kernel density estimator (KDE) of a
probability density function f explaining all terms. Which component of a
KDE has the strongest influence on the appearance of the estimated
probability density function? [4]

(b) For a given sample size, how do the bias and variance of a KDE at a single
point change as the bandwidth is made smaller? [4]

(c) For a KDE with kernel K, where K has variance σ2
K , the asymptotic mean

integrated square error AMISE is for large sample size n and small
bandwidth h given by

AMISE =
1

nh
A+

1

4
h4B

where

A =

∫ +∞

−∞
K2(y) dy , B = σ4

K

∫ +∞

−∞
(f ′′(y))2 dy

Find the value h∗ of h that minimizes the AMISE, showing that it is a
minimum. [5]

Question 4 (16 marks).
Let x1, . . . , xm and y1, . . . , yn be two independent random samples, and suppose
that all m+ n values are distinct.

(a) Define the Wilcoxon rank-sum statistic W for these samples based on the
ranks of x1, . . . , xm. [4]

(b) What is the range of values that W can take? Justify your answer. [4]

(c) Show that if both samples are generated by the same probability distribution,
then

E(W ) =
m(m+ n+ 1)

2
.

[8]
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Question 5 (18 marks).

(a) Consider the samples 5.92, 4.66, 6.30 and 5.21, 3.32 from two populations.
We wish to know if the mean in the population associated with the first
sample is greater than the population mean for the second sample. We are
not prepared, however, to assume that the data are normally distributed.

Suppose we want to perform a permutation test. State an appropriate null
hypothesis and a test statistic. Perform a one-sided permutation test at the
10% significance level to test the hypothesis. [12]

(b) For sample sizes which are too large to calculate the exact null distribution,
even by computer, explain how we might approximate the null distribution
for a permutation test. [3]

(c) Briefly explain the main difference between the parametric and
nonparametric approaches to hypothesis testing. [3]

Question 6 (15 marks).

(a) Let θ̂ be an estimator of a parameter θ, that is defined for a random sample
y1, . . . , yn. Describe the general jackknife procedure for estimating the bias
and variance of θ̂. In your description, include the definition of the jackknife
estimates of bias and variance. [8]

(b) Suppose that the estimator θ̂ is a function of the form

θ̂ = α +
1

n

n∑
i=1

g(yi)

where α is a constant and g(.) is any function of the individual data points.
Show that for such an estimator, the jackknife estimate of bias is zero. Also
show that the jackknife estimate of variance of θ̂ is given by

v̂arjack =
1

n(n− 1)

n∑
i=1

(g(yi)− ḡ)2

where ḡ =
1

n

∑n
i=1 g(yi).

[7]
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Question 7 (13 marks).

(a) Data on the distribution of incomes are usually positively skewed. Hence the
median is often regarded as being a more appropriate summary than the
mean. Give a brief description of how the nonparametric bootstrap can be
applied to estimate the standard error when the median is used to estimate
typical income from a sample y1, . . . , yn of income data. In the description
list the necessary steps and give the definition of the bootstrap estimate of the
standard error. [6]

(b) A distribution that is often used to model income distributions is the
lognormal distribution with probability density function

f(y) =
1

yσ
√

2π
e−

(log(y)−µ)2

2σ2

where µ and σ are the parameters of the distribution. Briefly explain how the
procedure in part (a) has to be modified if the parametric bootstrap is to be
applied to data which are assumed to have a lognormal distribution. [3]

(c) Explain briefly what each line of the following R code is doing. Note that
mathematical details of any procedure are not needed in the description.

ThetaHat <- function(v){
return(sd(v)/mean(v))

}
bca <- bcanon(y, ThetaHat, nboot=2000, alpha=c(0.025, 0.975))
bca$confpoints

[4]

End of Paper.
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