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Question 1 [23 marks].
In this question, V' is a finite-dimensional vector space over a field k.

(a) Explain what it means for a list (vq,va,...,Vv,) of vectors in V' to be (i) linearly
independent, (ii) spanning, and (iii) a basis. 5]

(b) For each of the following lists of vectors in the real vector space R? decide, with
justification, whether it is linearly independent, whether it is spanning, and
whether it is a basis of the vector space V' (you may assume without proof that
dim(R) = 3):

(i) (1,0,1), (0,5,0), (0,0,0);
(11) (27 17 0)7 (17 17 1)7 (_17 17 2)7 (07 4; 1>;
(iii) (3,0,0), (1,0,1), (0,—2,0).

(¢) (i) Define the dimension of V' in terms of bases of V.

(ii) State, without proof, a result relating the length of a spanning list of vectors
in V to that of a linearly independent list.

(iii) Using the result in Part (ii), show that the dimension of V' is well defined.
6]

(d) Prove the following: A minimal spanning list B = (vy,...,Vv,) of vectors in V is a

basis of V. 5]

Question 2 [18 marks].

(a) (i) Let U and W be subspaces of the vector space V. Explain what it means
that V' is the sum of U and W (in symbols V = U + W), and what it means
that V' is the direct sum of U and W (in symbols V =U & W).

(ii) Show that, if V' = U @ W, then each vector of V' can be uniquely written in
the form v=u+w withu e U and w € W.

(b) Let X, Y, D be subspaces of the real vector space V = R? given by
X={(z0:zeR}, Y={0,y):yeR}), D={(z,x):z€R}.

Show that
V=XoY=XeD=YdD.

[10]

(© Queen Mary University of London (2020)



MTH6140 / MTH6140P (2020) Page 3

Question 3 [19 marks].

a) Describe the elementary row operations of types 1, 2, and 3 applied to an
y y
(m x n)-matrix A. Define the elementary matrices associated with these
operations, and explain their connection with row operations on A. 5]

(b) Which elementary matrix corresponds to the operation of subtracting twice

column 3 from column 1 in a (3 x 4)-matrix over the field of real numbers? 2]
(¢) Define the sign sign(m) of a permutation 7 on the set [n] := {1,2,...,n}.
Compute sign(1p,) and sign(7), where 7 is some transposition. 3]

(d) Write out the Leibniz formula for the determinant of an (n x n)-matrix
A = (ai;)1<ij<n- Specialise this formula to the case where n = 3 and write down
|A| as a sum of six terms. 6]

(e) Using Laplace expansion along rows, compute the value of the determinant

ag 0 0 O
as as 0 0
as as Gag 0
ar ag Gg dap

3]
Question 4 [26 marks].
(a) Let V and W be vector spaces over the field k.
(i) Define what it means for a map ¢ : V.— W to be linear. 2]
(i) Which of the following maps on the real vector space R? are linear? Please
justify your answer.
(A) o(z,y) = (= +y,y),
(B) ¢(z,y) = (y,2),
(©C) x(x,y) = (zy,y),
6]
(iii) Define the kernel ker(¢) and the image im(y) of a linear map ¢ : V. — W.
Show that ker(y) is a subspace of V.
6]
(b) Let V' be an n-dimensional vector space over the field k, and let B = (vy,...,v,)
be a basis of V. Let ¢ : V — k™ be the map sending a vector v € V to its
(&1
coordinate vector | : |, where v =c;vy +cove + - - - 4+ ¢, v,,. Show that ¢ is linear
Cn
and a bijection. [12]
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Question 5 [14 marks].

(a) Define what it means for two n X n-matrices over a field k to be similar. What

does it mean to say that an (n x n)-matrix is diagonalisable? 4]
1 0 =2
(b) Let A= | 0 0 0 | (considered as a matrix over the real numbers).
-2 0 4

Determine the eigenvalues of A, and show that A is diagonalisable by
exhibiting a diagonalising matrix P. Write down the minimal polynomial of
the matrix A, explaining your reasoning. [10]

End of Paper.
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