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Figure 1: Spacetime diagram for Question 1. The axes (z,ct) correspond to a frame F
which is at rest with respect to the tunnel while the axes (2, ct’) correspond to the car’s

frame.

unless otherwise stated.

In this exam we set Newton’s constant of gravitation G = 1 and the speed of light ¢ = 1

Question 1 [20 marks].

A race car speeds through a tunnel at a constant velocity.

The worldlines of both ends of the car and both ends of the tunnel are shown in the

spacetime diagram, Fig. 1. Answer the following questions:

(a) At which of the points labeled A through 7" on the spacetime diagram does the

front end of the car emerge from the tunnel?

(b) At which point does the rear end of the car enter the tunnel?

(¢) At which point is the rear end of the car when the front end emerges from the

tunnel in the car’s frame?

(d) At which point is the front end of the car when the rear end of the car enters the

tunnel in the car’s frame?

(e) Does the car fit inside the tunnel in the tunnel’s frame? How about in the car’s

frame? Reason your answer.
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Question 2 [20 marks]. A vector field £* is said to be a conformal Killing vector
field of the metric g4 if it satisfies

1
V&) = 3 Y Gab

for some scalar function 1. Recall that £* is a Killing vector field if ¢) = 0 and
Via€p) = 0@y — I, &6, where I, are the usual Christoffel symbols.

(a) Show that this definition of conformal Killing vector field is equivalent to

gc acgoLb + Gac abéc + Gbe aaé-c = w Gab -
[10]

(b) Using the result of Part (a), show that if £* is a conformal Killing vector field of
the metric gq, then &% is a Killing vector field of the metric G, = €2? gqp, Where ¢
is any function that obeys

2606+ = 0.
10

Question 3 [20 marks|.  Consider the following spacetime:

2 dr?
ds® = — <1 - %) A+ 1 Trz +12(d6* + sin® 0 d¢?) ,
2

where ¢ > 0 is a constant.

(a) Let u =t — ¢ tanh™'(r/¢) for r < £. Use the coordinates (u,r,0,¢) to show that

the surface of r = ¢ is non-singular. (Hint: Recall that - tanh™'(z) = 1) 5]

(b) Show that the vector field g®*d,u is null. 5]

(c) Show that the radial null geodesics obey either

du 0 o du 2
— = r —=——.
dr dr — 2—3
For r < ¢, which of these families of geodesics is outgoing, i.e., % = % > (0, where

the dot * denotes the derivative with respect to the affine parameter along the
geodesics? Sketch the radial null geodesics in the (u,r) plane for 0 < r < ¢, where

the r-axis is horizontal and the lines of constant u are inclined at 45° with respect

to the horizontal. [10]
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Question 4 [20 marks|.  Consider the following spacetime:

2M
ds? — — (TQ - &) dv? + 2 dv dr + r*(dz® + dy?)

”
where M (v) is a function of the coordinate v.

(a) Explain in your own words the notion of black hole based on the behaviour of the
null geodesics. Does this spacetime have a horizon? Reason your answer. 5]

(b) Use the Euler-Lagrange equations for the geodesics to show that

1
Fma:r =~
r
[5]
(c) Using the fact that, in certain units, the Ricci scalar for this geometry evaluates
to R = —12 and the Einstein equation with a cosmological constant is given by,
Gab - 3gab = 877Tab7
calculate the vv component of the stress tensor corresponding to the line element
above. (Hint: recall that T, = 9,1n+/|g].) [10]
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Question 5 [20 marks].

(a) What does the quadrupole formula

1 s u--i s
<P> = 5<Q1] Q j>
compute? Reason the answer. 5]

(b) A point mass m undergoes a harmonic motion along the z-axis with frequency w
and amplitude L,
z(t) =y(t) =0, =z(t)=L cos(wt).

Show that the only non-vanishing component of the quadrupole moment tensor is

I** = m L* cos*(wt).

[5]
(c) Use the quadrupole formula to compute the power radiated by the emission of
gravitational waves. (Hint: recall that (cos(Qt)) = (sin(Qt)) = 0 and
(cos?(t)) = (sin*(Q)) = 3 for a given frequency (2.) [10]

End of Paper.
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