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In this examination R denotes the set of real numbers, Q denotes the set of rational
numbers and Z denotes the set of integers.

Question 1 [10 marks].

(a) Show that any open set U ⊂ X in a metric space is a union of a family of open
balls B(c; r) having radii r < 0.1. [5]

(b) In a metric space (X, d) the metric d : X ×X → R satisfies d(x, y) ≥ 0.2 for all
x, y ∈ X with x 6= y. Describe the open subsets of X. [5]

Question 2 [5 marks]. For points x, y, z in a metric space (X, d) it is known that
d(x, y) = 1 and d(y, z) = 2. Based on this information and using general properties of
metric spaces describe the possible range for d(x, z). Justify your answer. [5]

Question 3 [10 marks].

(a) When do we say that a sequence {xn}n>1 of points in a metric space X converges? [2]

(b) Give the definition of a Cauchy sequence in a metric space (X, d). [2]

(c) Prove that a Cauchy sequence converges if it has a convergent subsequence. [6]

Question 4 [10 marks].

(a) Let X be a metric space and let A ⊆ X be a subset which is not closed. Show
that A is not complete with respect to the induced metric. [2]

(b) Which of the following subsets of R are complete when considered as subspaces of
R with the usual metric? Briefly explain your answer.

(i) (1,∞), [2]

(ii) [1,∞), [2]

(iii) {n−2; n = 1, 2, . . . }, [2]

(iv) {n−2;n = 1, 2, . . . } ∪ {0}. [2]

Question 5 [10 marks].

(a) Describe the finite complement topology on a set X. Show that this topology is
Hausdorff if and only if the set X is finite. [7]

(b) Show that any metric space equipped with the topology induced by the metric is
Hausdorff. [2]
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(c) Is (0, 1] equipped with the topology induced from the standard topology of R
Hausdorff? Briefly explain your answer. [1]

Question 6 [25 marks].

(a) Let f : [0, 1]→ R be a continuous function. Is it possible that f([0, 1]) = (1, 2)?
Justify your answer. [6]

(b) Describe a homeomorphism φ : (−π, π)→ (1, 2) and its inverse. [4].

(c) Are the intervals (−π, π) and (1, 2) equipped with the standard metric isometric?
Justify your answer. [6]

(d) Which of the following subsets of the real line R are compact; briefly explain your
answer:

(i) [−π, π]; [1]

(ii) (2, 5); [2]

(iii) [6,∞); [2]

(iv) R; [2]

(v) {n−1;n = 1, 2, . . . }. [2]

Question 7 [10 marks].

(a) Consider the map f : R→ R given by f(x) = 1
2
(x+ 1). Is this map a contraction?

Justify your answer. [3]

(b) Show that f maps the interval (1, 2] to itself. [1]

(c) Is the contraction mapping theorem applicable to the restriction map
f : (1, 2]→ (1, 2]? Justify your answer. [3]

(d) Does the map f : (1, 2]→ (1, 2] have a fixed point x ∈ (1, 2]? [3]

Question 8 [20 marks].

(a) Consider R2 with the d1-metric, i.e. d1(v, v
′) = |x− x′|+ |y − y′| where v = (x, y)

and v′ = (x′, y′). Is this metric space complete? Justify your answer. [4]

(b) Let f : R2 → R2 be given by f(v) = (1
2
y, 1

2
(x+ 1)) where v = (x, y). Show that f

is a contraction with respect to d1-metric. [10]

(c) Find the fixed point of f . [6]

End of Paper.
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