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(a) Give an example of a non-commutative ring without an identity. 4
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(b) Does the equation (1 +a)(1 —a) = 1 — a® hold for any element a of a ring with
identity? Explain. [4]
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Yes.

(c) Give an example of a subring of Z/14Z having 4 elements, or explain why it does
not exist. l
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(d) Prove. nusing the axioms of a ring or the basic properties proved in the lectures,
that any two elements a. b of a l'ill‘_'. --:|[J'r~I'_‘.' the l'i[1l.‘]!in[1 (—a)b = —(abh). G
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(e) Give an example of a commutative ring without identity having a subring with
identity, or explain why such an example cannot exist. 6]
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(f) Explain what is wrong in the following “proof” that every finite commutative ring
with identity is a field. ()
“Proof™: Suppose R is a finite commutative ring with identity. Let a be a
non-zero element of . We want to show that there exists an inverse of a in R,
that is, an element b such that ab = ba = 1. Consider the set S = {t/nl.“,.tl"sA o }
Since R is finite, this set S must be finite. This means that there exist positive
integers m > n such that a™ = a™. We then have @™ = 1. which means that the
element @™ "1 is a multiplicative inverse of a. Thus every non-zero element of R

has an inverse. and therefore R is a field.
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(c) Give an explicit isomorphism between the rings Z/3Z and R/1. :Ytlll do not need
to prove that it is an isomorphisim.] [4]
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(a) Give an example of a domain I and an element a € I that is neither a unit nor a

FASI N }—ili\'i?—-ll]'. 'l'
(b) For which integers m = 2 does the ring Z/mZ satisfy the cancellative law for
n

multiplication? Explain.
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(¢) Consider the subring S = {a +bv/3 : a,b € Z} of the ring R of real numbers.

(i) Explain why S is an integral domain. 4]
(ii) Show that the element 2 + /3 is a unit of S. 1
(111) Find a factorisation of the clement 6 € S as a product of two clements of S

that are not in Z. 4]
(1iv) Given that the element 6 € S can also be factored as 6 = 2 - 3. can we
conclude that S is not a unique factorisation domain? Explain. -l
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Question 4 [20 marks].  Consider the ficld of 2 clements K = Z/2Z and the

polynomial f =2* +7x+1¢€ K[z

(a) Explain why f is an irreducible element of Kx]. 6]
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(b) Let F be the quotient ring F' = K[x]/(f). which contains the field A’

(1) Explain why F is a field. [You may use any result proved in the lectures.|
(i1) How many elements does the field F' have?

(i11) Let a be an element of F such that f(a) = 0. Find an expression for the
inverse a~! of the forma~!=a-a?+b-a+cwitha.b.ce K. [6]
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