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In[18] = Plot3D[x2 —5"2, {xy =2, 2}, {y, -2, 2}]

N
SN\
S\

In[22]
Out[22]=






| 1w 0.0 1 1 MIJ\;M‘{ d .
(>,4) (11,0) gve
(a) 14 2
clesed ov

onneeio
Figure 21: (a) The phase portrait for the system 5.23 follows the Tevel curves of the first integral V.

(b) Note the "Mathematica’ picture of the surface z = V (x,y) does not capture the saddle point at
the origin and its unstable/stable manifolds, but it does show up the non-linear centres at (£1,0)
well.

The critical(stationary) points of the surface z = V (x,y) occur when the condition % = %E; =
0. These are the fixed points of the underlying system. The type of critical point - maximum,

minimum, saddle is determined by the discriminant
D= Vxxvyy - V,Ey,

which gives: maximum for D > 0 and Vi < 0; minimum for D > 0and Vi, > 0; saddle for
D <.

So the critical points are (0,0) - saddle and (1,0), (—1,0) - both minimums. Thus this
means that the orbits around the fixed points (1,0), (—1,0) are closed (periodic orbits), and the
"saddle point” or "col” of the surface confirms the existence of the saddle fixed point by the HGLT.

It should be noted that the contours show the global nature of the orbits of the system. We see that
the unstable and stable saddle manifolds coincide, i.e. the saddle unstable manifolds leave the fixed

point (0,0) and fold around to return as the stable manifolds! The contour through the saddle point
has the form of a "fiqure-8”. This is a highly non-linear feature which contrasts with the straight
lines of a linear saddle.It is called a pair of saddle-connections as the unstable manifold and the
stable manifolds of the saddle are the same in each of the two branches!

Example 5.7.
f(x) = (x(3— (x+2y)),y(2— (x+¥))) (5.18)

The Lotka-Volterra model of competing species. The simplest model for each species with different
reproductive tates and carrying capacity could be modelled by the decoupled logistic equations

f(x) = (x(3—x),y(2~y)). (5.19)
If coupling terms are introduced to model the interaction between the two species, then we obtain
= (x(B—(x+2y)), ¥y =y2— (x+y)) (5.20)
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In[12].=

ContourPlot[x A4 /4 -x*2/2+yr2/2, {x, -2, 2}, {y, -2, 2}]
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Out[12]=
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