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ered even further before the pendulum will fail to make it over the top.

In more mathematical terms, we’ll show in Section 8.5 that this hysteresis oc-
curs because a stable fixed point coexists with a stable periodic solution. We have
never seen anything like this before! For vector fields on the line, only fixed
points can exist; for vector fields on the circle, both fixed points and periodic solu-
tions can exist, bur not simultaneously. Here we see just one example of the new
kinds of phenomena that can occur in two-dimensional systems. It’s time to take
the plunge.

EXERCISES FOR CHAPTER 4

4.1 Examples and Definitions

4.1.1 For which real values of a does the equation 6 =sin(a0) give a well-
defined vector field on the circle?

For each of the following vector fields, find and classify all the fixed points, and
sketch the phase portrait on the circle.

@ ) =1+2cos 8 6 =sin 20
414 O=sin’6 @ 6 =sin +cos §

41.6 0=3+cos20

0 =sinkf where kis a positive integer.

(Potentials for vector fields on the circle)
a) Consider the vector field on the circle given by 0 =cos@ . Show that this sys-
tem has a single-valued potential V(8), i.e., for each point on the circle, there is
a well-defined value of V such that @ = —dV/d@. (As usual, 8 and 6+ 27k
are to be regarded as the same point on the circle, for each integer k .)
b) Now consider 6 = 1. Show that there is no single-valued potential V(8) for this
vector field on the circle.
¢) What’s the general rule? When does 6= f(8) have a single-valued potential?

4.1.9 InExercises 2.6.2 and 2.7.7, you were asked to give two analytical proofs
that periodic solutions are impossible for vector fields on the line. Review these ar-
guments and explain why they don’t carry over to vector fields on the circle.
Specifically which parts of the argument fail?

4.2 Uniform Oscillator

4.2.1 (Church bells) The belis of two different churches are ringing. One bell
rings every 3 seconds, and the other rings every 4 seconds. Assume that the bells
have just rung at the same time. How long will it be until the next time they ring to-
gether? Answer the question in two ways: using common sense, and using the
method of Example 4.2.1.
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