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�estion 1 (30 marks)

Matrix A has the following spectral decomposition:
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Use his spectral decomposition to answer the following questions.

a) Write down the eigenvalues and corresponding unit eigenvectors of A.

[3 marks]

b) Find the trace and determinant of A.

[4 marks]

c) Find the rank of A.

[3 marks]

d) Is matrix A positive definite, positive semidefinite or neither?

[5 marks]

e) Is matrix A invertible? If yes, find the inverse matrix, otherwise provide your explanation.

[6 marks]

f) Could matrix A be a variance-covariance matrix of a 3⇥ 1 random vector?

[4 marks]

g) Find the expression of the spectral decomposition of A3.

[5 marks]



ECN322 (2023) Page 3

�estion 2 (30 marks)

a) Explain briefly the similarities and di�erences between theMonte Carlo simulation and boos-
trap estimation methods.

[6 marks]

b) X1, X2, · · · , Xn is a sample of i.i.d. random variables; the sample mean is

X̄ =
1

n

nX

i=1

Xi

i) If Xi are normally distributed, what can you say about the distribution of the sample
mean?

[3 marks]

ii) If Xi are not normally distributed, but the sample size is large, what can you say about
the distribution of the sample mean?

[3 marks]

iii) If Xi are not normally distributed, for example Xi ⇠ �2(2), but the sample size is very
small, how can you approximate the distribution of the sample mean? Specify your
approach and briefly explain what you do at each step. (You don’t need to write EViews
code.)

[8 marks]

iv) Assume that Figure 1 is the histogram of the sample mean you obtained from iii) using
EViews, and you also add the theoretical density line of normal distribution. Provide
your comments on the distribution of the sample mean using Figure 1.

[3 marks]

Figure 1: Histogram of sample mean

Turn Over
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c) Assume that you do not know the distribution of Xi. For example, you are only given 10
observations,

3, 5, 1,�3, 8, 2, 4,�2,�1, 6.

i) You draw bootstrap samples to obtain information about the distribution of the sample
mean. Choose all samples from the options below that are bootstrap samples.

[4 marks]
A. 1, 1, 3, 4,�1, 6, 6, 6, 3, 5

B. 3, 5,�2, 1, 9, 2, 6, 8, 1, 2

C. �1,�2, 3, 2,�3, 6, 8, 5

D. 2, 4, 1, 5, 6, 1, 1, 1, 2, 4

ii) The bootstrap sample quantiles obtained using EViews are as follows:

1% quantile: � 0.5 5% quantile: 0.45

10% quantile: 0.8 90% quantile: 3.7

95% quantile: 4.2 97.5% quantile: 4.4

Construct a 90% bootstrap confidence interval for the population mean.
[3 marks]
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�estion 3 (40 marks)

Linear mean regressions and linear quantile regressions of log wages on years of schooling and
other factors such as race and potential labour market experience were run on a large number of
data from three censuses from years 1980, 1990 and 2000. The coe�icients on the years of schooling
are reported in the table below. The numbers in the parentheses are the standard errors of the
coe�icients.

Table 1: �antile regression coe�icients for schooling

The dependent variable is log wage, explanatory variable is years of schooling, and other factors are
race, potential labour market experience.

a) We include other factors in the regression to avoid what kind of bias?

[3 marks]

b) Which of the coe�icients are significant at the 5% significance level? Justify your conclusion.

[8 marks]

c) Comment on the within group wage inequality in 1980, 1990 and 2000.

[6 marks]

d) Describe the change in overall wage inequality from 1980 to 1990.

[6 marks]

e) Calculate the percentagewage increase associatedwith an additional year of schooling for the
lowest decile, median, and highest decile in the 2000 census, ? Also, make an interpretation
of the OLS coe�icient (0.114) in the same year.

[8 marks]

f) To what extend can the estimated mean e�ect reflect the e�ect on di�erent quantiles in these
regression?

[9 marks]

Turn Over
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�estion 4 (40 marks)

Consider the linear model

yi = �0 + �1x1i + · · ·+ �kxki + "i, i = 1, · · · , n

where E("i|x1i, · · · , xki) = 0, and "i ⇠i.i.d. N(0,�2).

a) Write this model in matrix form using Y,�, X, " and specify the dimension of each compo-
nent.

[6 marks]

b) Derive the OLS estimator �̂ of �.

[10 marks]

c) Denote PX = X(X 0X)�1X 0, MX = In � PX . Show that any n⇥ 1 vector z can be decom-
posed into two orthogonal parts by using PX andMX .

[8 marks]

In addition, if E("|X) = 0, and "|X ⇠ N(0,⌦), answer the following questions.

d) Show that �̂ is an unbiased estimator of �.

[6 marks]

e) Compute the conditional distribution of �̂.

[10 marks]

End of Paper - An appendix of 2 pages follows
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End of Examination/ Yufei Li


