
MTH5123 Differential Equations
Formative Assessment Week 2– Selected Solutions G.Bianconi

I. Practice Problems

A. Determine the general solutions of the following homogeneous linear differential equations.
For each solution fix the constant of integration according to the given initial condition.

1) y′ = −xy, y(0) = −2: H(y) =
∫

dy
y

= ln |y|, so H−1(u) = ±eu and on the right-

hand side
∫

(−x) dx = −x2

2
+ C. The general solution is y(x) = H−1

(
−x2

2
+ C

)
=

±e−x2

2
+C = De−

x2

2 with D = ±eC . The initial condition is y(0) = D = −2.

2) y′ = x cos(x)y, y(0) = 1: H(y) =
∫

dy
y

= ln |y|, so H−1(u) = ±eu and on the

right-hand side
∫
x cosx dx = x sinx+cos x+C (integrating by parts). The general

solution is y(x) = H−1 (x sinx+ cosx+ C) = ±ex sinx+cosx+C = Dex sinx+cosx. The
initial condition is y(0) = De1 = 1, hence D = e−1.

3) y′ = −y/(1 + x), y(0) = −1: H(y) =
∫

dy
y

= ln |y|, so H−1(u) = ±eu and on

the right-hand side −
∫

dx
x+1

= − ln |1 + x| + C . The general solution is y(x) =

H−1 (− ln |x+ 1|+ C) = ± 1
|x+1|e

C = D
x+1

. The initial condition is y(0) = D/1 = −1,
hence D = −1.

4) y′ = y/(4 − x2), y(0) = 1: H(y) =
∫

dy
y

= ln |y|, so H−1(u) = ±eu and on the
right-hand side∫

dx

4− x2
=

1

4

∫
dx

2− x
+

1

4

∫
dx

2 + x
= −1

4
ln |2− x|+1

4
ln |2 + x|+C =

1

4
ln
|2 + x|
|2− x|

+C

The general solution is

y(x) = H−1
(

1

4
ln
|2 + x|
|2− x|

+ C

)
= ±e

1
4
ln
|2+x|
|2−x|+C = D

(
|2 + x|
|2− x|

)1/4

with D = ±eC . The initial condition y(0) = 1 gives D = 1.

5) y′ = y/(x2 + 2x + 2), y(0) = 2: H(y) =
∫

dy
y

= ln |y|, so H−1(u) = ±eu and

on the right-hand side
∫

dx
x2+2x+2

=
∫

dx
(x+1)2+1

= arctan (x+ 1) + C.The general

solution is y(x) = H−1 (arctan (x+ 1) + C) = Dearctan (x+1). The initial condition is
y(0) = Dearctan 1 = Deπ/4 = 2, hence D = 2e−π/4.
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Note: All of the above ODEs are separable.

B. Solve the initial value problems associated with the following inhomogeneous linear diffe-
rential equations.

1) y′ = y 3x2

1+x3
+ x2 + x5, x > −1, y(0) = −1: First we solve the homogeneous equation

y′ = y 3x2

1+x3
by separating variables. We have H(y) =

∫
dy
y

= ln |y|, H−1(u) = ±eu

and on the right-hand side
∫

3x2

1+x3
dx =

∫ d(1+x3)
1+x3

dx = ln (x3 + 1) + C. The general

solution is y(x) = H−1(ln (x3 + 1)+C) = ±eln (x3+1)+C = D(x3+1), x > −1. We look
for a solution to the inhomogeneous equation in the form of y(x) = D(x)(x3 + 1) so
that differentiation gives y′ = D′(x3+1)+3x2D(x) = D′(x3+1)+y 3x2

1+x3
. Comparing

this with the right-hand side of the inhomogeneous equation leads to

D′(x3 + 1) = x2 + x5, ⇒ D′ =
x2 + x5

1 + x3
= x2, D(x) =

x3

3
+ C

so that the general solution to the inhomogeneous equation is given by y(x) =

(x
3

3
+ C)(x3 + 1). Then y(0) = C = −1 and finally y(x) =

(
x3

3
− 1
)

(x3 + 1).

2) y′ = −y tanx + cosx, −π/2 < x < π/2, y(0) = 2: The general solution to the
homogeneous equation y′ = −y tanx can be obtained by separation of variables.
H(y) = ln |y|, hence H−1(u) = ±eu, and on the right-hand side −

∫
tanx dx =

ln | cosx| + C. This gives y = ±eln | cosx|+C = D cosx ,−π/2 < x < π/2, so we look
for the solution to the inhomogeneous equation in the form y(x) = D(x) cosx which
gives y′ = D′ cosx−D sinx = D′ cosx−D tanx cosx = D′ cosx−y tanx. Comparing
to the right-hand side of the inhomogeneous equation gives D′ cosx = cosx, then
D′ = 1 and D(x) = x+ C. Thus y(x) = (x+ C) cosx, which implies y(0) = C = 2.

Note: These ODE’s are not separable, and one has to employ the variation of parameter
method.

C. Determine the general solutions of the following inhomogeneous linear differential equations
and solve the associated initial value problem.

1) y′ = 3y + 5, y(0) = −2: Separating variables we have on the left-hand side H(y) =∫
dy

3y+5
= 1

3
ln |3y + 5| so thatH(y) = 1

3
ln |3y + 5| = u is solved as y = 1

3
(±e3u − 5) =

H−1(u). On the right-hand side
∫
dx = x + C. The general solution is y(x) =

H−1 (x+ C) = 1
3

(
±e3(x+C) − 5

)
= 1

3
(De3x− 5) with D = ±e3C . The initial conditi-

on is y(0) = D−5
3

= −2 which gives D = −1 and finally y(x) = −1
3
(e3x + 5)

2) y′ = −2xy + 2x, y(0) = 0: We rewrite the ODE as y′ = −2x(y − 1) and sepa-
rating variables we have on the left-hand side H(y) =

∫
dy
y−1 = ln |y − 1| so that

H(y) = ln |y − 1| = u is solved as y = (±eu + 1) = H−1(u). On the right-hand
side

∫
(−2x) dx + C = −x2 + C. The general solution is y(x) = H−1 (−x2 + C) =(

±e−x2+C + 1
)

= De−x
2

+ 1. y(0) = 1 +D = 0, hence D = −1 and the solution to

the initial value problem is y(x) = −e−x2 + 1.
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Note: Both ODEs above are separable, and it is easier to separate variables rather than
to employ the variation of parameter method.

D. Determine the general solutions to a linear inhomogeneous differential equation

y′ =
x

1 + x2
y +

√
1 + x2

1− x2

Solution: We employ the variation of parameter method. First we solve the homogeneous
equation y′ = x

1+x2
y by separating variables. H(y) = ln |y|, hence H−1(u) = ±eu, and

on the right-hand side
∫

x
1+x2

dx = 1
2

ln (1 + x2) + C. This gives y = ±e 1
2
ln (1+x2)+C =

D
√

1 + x2. We look for a solution to the inhomogeneous equation in the form y(x) =
D(x)

√
1 + x2 which gives

y′ = D′
√

1 + x2 + y
x

1 + x2

Comparing to the right-hand side of the inhomogeneous equation gives

D′
√

1 + x2 =

√
1 + x2

1− x2
so that D′ = 1√

1−x2 and

D(x) =

∫
dx√

1− x2
= arcsinx+ C

Thus finally y(x) = (arcsin x+ C)
√

1 + x2.

E. Determine the general solution of the following reducible to separable differential equa-
tion

y′ = −y/x− x/y.

Solution: The right-hand side depends only on the ratio y/x, hence we use the
substitution y = xz(x), which implies y′ = z + xz′ so that the ODE takes the form
z+xz′ = −z− z−1 or xz′ = −2z− z−1. This is a separable equation. Separating variables

we have on the left-hand side H(z) =
∫

dz
2z+z−1 =

∫
zdz

2z2+1
= 1

4

∫ d(2z2+1)
2z2+1

= 1
4

ln (2z2 + 1)

and on the right-hand side −
∫

dx
x

= − ln |x|+ C. We solve correspondingly
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H(z) =
1

4
ln (2z2 + 1) = u⇔ z2 =

1

2
(e4u − 1)⇔ z = H−1(u) = ±

√
1

2
(e4u − 1)

Thus we have the general solution for z(x)

z(x) = H−1 (− ln |x|+ C) = ±
√

1

2
(e−4 ln |x|+4C − 1) = ±

√
1

2
(x−4e4C − 1)

and the general solution of the original ODE is found from the above as

y(x) = xz(x) = ±x
√

1

2x4
(e4C − x4) = ±1

x

√
1

2
(D − x4), D = e4C

III. Method of Integrating Factors

A. A Walkthrough of the integrating factor method using the differential equation

dy

dx
+

1

2
y =

1

2
ex/3.

1) Use the variation of parameters method to solve the ODE with initial condition y(0) = 1.
Be sure to identify this particular integral curve when you draw the family of solutions
to the ODE in the x-y plane.

2) Multiplying the ODE by the function µ(x) gives

µ(x)
dy

dx
+ µ(x)

1

2
y = µ(x)

1

2
ex/3.

Comparing the left hand side of this equations with the quantity

d

dx
[µ(x)y] =

dµ

dx
y + µ

dy

dx
,

we see that the two expressions agree when dµ
dx

= µ(x)1
2
.

3) Complete the following sentence: A function f(x) whose derivative equals 1
2

times the
original function is given by f(x) = ex/2. (Can you justify your answer without using
separation of variables?)

4) Plugging in µ(x) = Cex/2 in the original ODE and simplifying gives the result

d

dx

[
ex/2y

]
=

1

2
e5x/6.

Integrate both sides of this equation to find the general solution

y(x) =
3

5
ex/3 + Ce−x/2.

This solution should agree with the answer you found in the first question of this part,
up to addition by some constant. (If your answers are not equal, you need to identify
what the constant is!)

B. The Integrating Factor Method can be found in detail from the Reading List.
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