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This project is aimed at a student with interests not only in algebraic
geometry and number theory, but also in logic. A typical formula over finite
fields is of form ϕ(x̄) ≡ ∃y p(x̄, y) = 0, where x̄ = x1 . . . xr and p(x̄, y) is a
polynomial in r+ 1 variables over the prime field Fp. One is then interested,
for each n ∈ N, in counting the number Nn of r-tuples x̄ from Fpn satisfying
the formula ϕ.

For example, let ϕ(x) be the formula ∃y x− y2 = 0. The set ‘defined’ by
ϕ in each finite field Fq is the set of squares in that field, and has exactly
(q−1)/2 + 1 elements. Unfortunately, the situation is not as straightforward
as one might guess from this example. For ϕ(x) ≡ ∃y x = y3, the number of
elements in Fq satisfying ϕ is either roughly q/3 or q, depending on whether
q is congruent to 1 or 5 modulo 6.

The situation is far from hopeless, as the paper [6] shows: the zeta func-
tion associated with the sequence Nn, n ∈ N, is near-rational. This means
that there is a strong regularity in the sequence in form of a recursive formula
determining the whole sequence from the initial few elements.

The first objective of this project is to understand Kiefe’s proof, which will
also involve some understanding of the Lang-Weil estimates for finite fields
([7], [2]), rationality of zeta functions associated with algebraic varieties over
finite fields ([5], [4]), as well as some understanding of the model-theoretic
reasons for considering only the formulae of the above form ([1]).

The second objective is of experimental nature. The student should write
a simple computer program for calculating the numbers Nn and then attempt
to find the relationship between the size of the set defined by ϕ ∧ ψ and the
sizes of sets defined by ϕ and ψ. The probabilistic language enters the picture
at this stage and it should become clear that definable sets over finite fields
of increasing size behave as ‘random events’ of certain probability, and this
should be a motivation for eventually reading [3], [1] and [8].
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