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SECTION A

Answer ALL questions in Section A

Questions that are not applicable to the 2019/20 syllabus are highlighted in red.
Question A1
a)

Define the term “Nucleosynthesis” as used in cosmology.

b)

Give an estimate for the times Nucleosynthesis started and ended.

c)

Show that during Nucleosynthesis the temperature of the universe, T , depends on time t
as T ∝ t−1/2 .
[10 marks]

Question A2
a)

Use the Hubble parameter today, H0 , to calculate a rough estimate of the age of the universe. You can assume that h = 0.7. Explain why this is only a rough estimate.

b)

Using the definition of the Hubble parameter in general, H = ȧ/a, give the exact expression
for the age of the universe as an integral involving only the scale factor and the Hubble
parameter.
[8 marks]

Question A3
a)

Sketch in the same diagram a galaxy rotation curve as observed in nature, and a rotation
curve as predicted from Newtonian dynamics.

b)

Briefly describe how the difference between the predicted and the observed rotation curves
can be explained.

c)

Give two examples for dark matter candidates.
[10 marks]

Question A4
Name two of the main epochs in the history of the universe, and state how the energy density
evolves in these epochs in terms of the scale factor.
[4 marks]
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Question A5
a)

Estimate the mass density of galaxies in the universe in SI units, given a typical separation
of 1Mpc and a typical mass of 1011 M? , [you may assume 1M? ' 2 × 1030 kg].

b)

Calculate the energy density of the radiation left over from the CMB (i) today and (ii) at
redshift z = 4.
[8 marks]

Question A6
Derive the acceleration [Raychaudhuri] equation, by using the Friedmann and the energy conservation equations, or by other means.
[6 marks]
Question A7
In a closed Friedmann-Robertson-Walker universe, luminosity distance, dlum , and proper distance, dp , are related by
√
1+z
dlum = √ sin( k dp ) ,
k
where z is the redshift and k the curvature constant. Show that for small redshifts and in the
nearby universe
dlum ≈ dp .
[4 marks]
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SECTION B

Answer TWO questions from Section B

Question B1
Assume that the evolution equation for the density contrast δ is given by
ȧ
α
δ̈ + 2 δ̇ − 2 ∇2 δ − β ρ̄δ = 0 ,
a
a
where α and β are positive constants, and ρ̄ is the energy density in the background.
a)

In Fourier space we can replace Laplacians by ∇2 → −k 2 , where k is the comoving wave
number. Make this replacement and hence read off the physical Jeans wave number from
the evolution equation above, and give the Jeans length, λJ .
Briefly discuss the meaning of the Jeans length.
[9 marks]

b)

In the case of a flat universe dominated by radiation, solve the evolution equation for the
density contrast given above in the large scale limit, that is for k → 0. Write down the time
evolution of the growing and the decaying modes.
[9 marks]

c)

It can be shown that the evolution of the density contrast of the cold dark matter, δcdm ,
during radiation domination is governed by
H −2 δ̈cdm + H −1 δ̇cdm = 0 .
Solve the evolution equation of δcdm for a flat, radiation dominated FRW universe.
[7 marks]
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Question B2
a)

State expressions for the energy density of the curvature term, ρk , and the energy density
of the cosmological constant term, ρΛ , in the Friedmann equation, so that the right hand
side of the Friedmann equation can be written as the sum of energy densities.
[2 marks]

b)

Using the Friedmann equation in the appendix as your starting point, derive the Friedmann
equation in the general case in terms of density parameters evaluated at the present day,
for a universe containing radiation, matter, a curvature term, and a cosmological constant.
Use the scale factor a as the time variable, assuming the value of the scale factor today
is a(t0 ) = 1. Give expressions for the present day density parameter for the cosmological
constant, ΩΛ,0 , and the present day density parameter for the curvature term, Ωk,0 , in terms
of Λ, k, and H0 .
[10 marks]

c)

Show that the Friedmann equation derived in question b) can be written as
1 = Ωm (a) + Ωr (a) + Ωk (a) + ΩΛ (a) .
[3 marks]

d)

Now assume an open universe with no cosmological constant. You can neglect the matter
and radiation content present. At late times, give an expression for the scale factor a in
terms of time t. State why the matter content of the universe is not important in this case.
[10 marks]
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Question B3
a)

The Friedmann equation can be written in terms of density parameters as
1 − Ωtot − ΩΛ =

1
.
(aH)2

Define all symbols in the equation.
[4 marks]
b)

Briefly explain the flatness problem in cosmology.
[4 marks]

c)

How does the right hand side of the equation above evolve during
1. radiation domination;
2. matter domination.
Briefly state the implication this has for the flatness problem.
[7 marks]

d)

Derive the time evolution of the scale factor in a de Sitter universe (a flat, cosmological
constant dominated universe). Use your results to show how inflation solves the flatness
problem.
[7 marks]

e)

Briefly define the term inflation as used in cosmology, and state the condition on the scale
factor.
[3 marks]
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Question B4
a)

In this question we use units where c = 1.
Consider a matter-dominated open universe. Show, by substitution, that
4πGρ0
(cosh ψ − 1) ,
3|k|
4πGρ0
t(ψ) =
3 (sinh ψ − ψ) .
3|k| 2

a(ψ) =

is a solution to the Friedmann equation, where ρ0 is the value of the matter density when
a = 1, k is the curvature constant, and ψ a parameter.
[12 marks]
Hint: recall that
b)

df
dx

=

df dx
/
dy dy

.

Show that in a FRW universe the proper distance to a galaxy at coordinate (rg , 0, 0) from
an on observer at (0,0,0) is given by
dp (t) = a(t)

Z rg
0

√

dr
.
1 − kr2

Find dp (t) of this galaxy in the flat case.
[6 marks]
c)

Derive Hubble’s law using your results in the previous question.
[7 marks]

End of Paper - An Appendix of 1 page follows
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Appendix
Useful Data and Equations
Except where specifically stated, the following results may be quoted without proof:
The Friedmann-Robertson-Walker metric is
dr2
ds = −c dt + a (t)
+ r2 (dθ2 + sin2 θdφ2 ) ,
1 − kr2
"

2

2

2

#

2

where a(t) is the scale factor, k is the curvature constant and r, θ, φ are spherical coordinates.
The equations governing the evolution of the scale factor in a homogeneous and isotropic universe are:
 2
ȧ
kc2 Λc2
8πG
2
ρ− 2 +
,
(Friedmann equation)
=
H ≡
a
3
a
3
and


ä
4πG
3P
Λc2
=−
ρ+ 2 +
,
(Acceleration equation)
a
3
c
3
where ρ is the mean density of the universe, P is the pressure, and Λ is the cosmological constant. The energy conservation equation is given by
P
ȧ
ρ̇ + 3 ρ + 2
a
c




= 0.

The density parameter Ω and the critical density ρc are defined as
Ω=

ρ
,
ρc

ρc =

3H 2
.
8πG

The deceleration parameter q is defined as
q=−

aä
.
ȧ2

By convention, the subscript 0 on any of these parameters denotes the value at the present time.
Additional constants
1Mpc
Critical density today
ρc,0
Hubble parameter today
H0
Temperature of the CMB today T0
Radiation density constant
σrad
Speed of light in vacuum
c

= 3.09 × 1022 m
=1.88h2 × 10−26 kg m−3
=100h km s−1 Mpc−1
= 2.73 K
= 7.6 × 10−16 J m−3 K−4
= 3.00 × 108 m s−1

