Solution of the diffusion equation in 1D
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1 Steady state

Setting dC' /0t = 0 we obtain

d*C
WZO =Cs=axr+0b

We determine a, b from the boundary conditions.

O<O):Cla C(Z) =y

It follows that

b:C'l, a = 02_01

I
C, (z) szclwcl
Flux = _Dacs _G-G
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2 Time-dependent solutions

We choose again the boundary conditions (2) and

C (z,0) = Cy () (4)
as initial condition. It is convenient to consider the excess quantity

Using (1)-(3) we see that u satisfies

ou 0%u
5 = Dw (5b)
with
u(0) = u()=0 (5¢)
u(z,0) = Co—Cs(x)
= wup(x) (5d)

Let ¢,, be the eigenfunctions of the diffusion operator d?/dz?. Since the operator

is dissipative, the correponding eigenvalues are non-positive. We denote them by
—k2, (K real)

&P (x)

= kb (0) (6)

Any function of the form u = A,, (t) ¢y, satisfies then eq.(5), provided that A,, (¢)
satisfies the ordinary differential equation

dA
_dtm = —Dk2 A, (7a)

or

A (1) = Ay, (0) e~ Phint (7h)

On the other hand, in general, functions u of this form do not satisfy the initial
condition. To satisfy this condition we seek for solutions in the form of an infinite
series of ¢,,’s (this is legitimate since the equation is linear)
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w(e,t) =) A (t) dm (2) (8)

m

and fix the A, (0)’s by requiring that

Y A (0) don (&) = u(,0) = g (2) (9)

To compute A,, (0) we use the orthogonality property of ¢,,, guaranted by the
fact that the diffusion operator is self-adjoint :

l
4dmmm%m>=c)n#m (10)
= N, n=m

Multiplying both sides of (9) by ¢* () and integrating over = we thus obtain

¢ *

which combined with (7b) and (8) yields the solution

¢ “(x)ug(x
ety = Y W PR, ) (12)

We now compute ¢, and k,, explicitly for the boundary conditions (5b). On
inspecting (6) we see that ¢,, must be of the form

¢m(x) = Ccos kpx + Dsin kyx

Applied to x = 0 and = = / this leads to

= ¢m(f) = Dsin k,, 0
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implying that k,,¢ = mm (m integer) or

mm
kw = —
14
¢Om = sin ? (up to a factor)

the full solution u(x,t) being (cf. eq. (12)), with N, = £/2

2/ [* 2
u(x,t) = Z 7 </ drsin m;rxuo(x)) sin m;xe*DTt

(Fourrier series)

To complete the evaluation suppose that ug(x) = ug = constant, then,

¢ mmx
U / dxsin / =0 if m is even
0

Qu, 0
- = it m is odd = 2n + 1
m™m

Finally,

dug = 1 (2n+1)27pi? on+1
e = Mogn L, it U

n=0
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Notice that u(z,t) — 0 as t — oo with a characteristic time £ = 75
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