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The energy ofwind is in the form ofkinetic energy. For a wind speed z aad air densityp, ttre
energy density E (i e. energy per urit volurqe) is given by

E: ;plf (s.1)

Thevol-ume of air flow-mg per second iirough a cross-sectional areaa normal to the tjirection
of the wind is aA Hence ttre kinetic energy of ttre volume of air flowing per second tbrough
this area is given byP : EuA or '

p : !Apu3. (5.2)

llus the power in the wind P varies as ttre cube of tl.e wind. speed. z. Hence much more power
js available at highsl speeds and fluctuations in wjnd speed c"n cause tle output of a wind
turbine to vary simificarrtly.

5.5 Principles of a horizontar-axis wind turbine
unforrunately, not alr of ttre power in the wind can be extacted by a wind turbine. This isbecause somdof ttre kinetic energy is carried dowastream of the turbine in order to maintaiaair flow This effect placeb a theoretical ara:lisrrm sffciency oiSgy-f* 

"*t uaiog power fromthe win4 known as the Betz limit, wbich is described in detail in Derivation 5.1.
As the wind flevr5 ttrrsrrgh a turbine it slows d.own as part of its energy is hansferred to theturbine.'The airflow lboks like ttrat shown in Fis. s-.s, ups*eam fle speed. of the wind is uq..and it passes tbrough an areaAe. By the tims tt . *ioa r.".nes the turbine it has srowed t o u1 ,,ald the area of the stream-tube has increased to A1, the area swept o* iy rl. brades of treturbine. Downsteam of the turbine ttre wind's cross-sectionar .ro ir A, and its speed is u2.The drop in speed of the wind before and after the turbine gives rise to a pressure drop acrossttre turbine, tlrough Beraoi:Ili's theorem, so there is a ttrrust on ttre turbine blades.
The maxim"m power is generated when dowasteam of ,a.-*iilrne wind speed isone-third of tle upstream speed un a,'d'at the turbine the wind ,p""a i.-**tbirds of zs,i'e' u2 : *ro *d q : ?uo (see Derivation 5.1). under these condidons the power extracted,

EXAMPLE 5.1

calculate the powdr in a wind mgving with speed il: 5 m s-r incident on a wind turbine
with blades of 100 m di4meter. How does the power change if the wind speed increases to
u : I0 m s-l? lAssume the density of air is 1.2 kg *-r.)
Substihrting in eqn (5.2) rge have

t : |Apu3 = | x (ru x 502) x 1.2 x 53 ^i 0,6MW.

A power of il.6 MW is srifFcient to meet the average elecricity usage of about 1000 European
households. Doubiing the wind speed increases t[e power by afador of 23 : g, so ttre power
wouldincrease to 8 x 0.6 :4.8 MW.

Downstream

Fig. 5.5 Wind ffow tJrrqrrgh a turbine.

P, is givenby

P = jpAr\6/zz)ul. lf .f .l

The power P- in the wind passing tlrough an areaAl with a speed ze is given by eqn (5.2) as

en:\pA*fi.
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Cp, givenbi , .:

Cp: Pl[*pfltr| or P: lcppigr,

k 76127 - 59o/o of the power in the incident winil pbssing freely through arr area equal to ttrat

oftheturbine,lh-Thistimitfortlepowercoefficient Cpof 15127 oftheincidentwiadpower
is called the Beitz or Lanchester-Betz limit; it was first derived by Landrester in 1915 a-nd

indep endently hy B etz n 19 2L.

Derivation 5.il Maximum extraction efficiencv

We ca-u, obtain a-n estimate of the maximum efficienryby modelling the turbine as a thin disc
.(called aD. actuator disc) that exfracts energf. Consider a steam-tube of air (see Chapter3)
shom in Fig- 5.5 that moves wittr speed z1 through a wind turbine of cross-sectional area 41.
Upstrezm of the turbine tl.e cross-sectional area of the stream-tube is As a-nd the air speed is

r0. Downstrean of the turbine the cross-sectional area of the steam-tube is A2 a:rd t}le air
speed is 42.

Since the turbine extracts energy from the wirrd the air speed decreases as it passes tbrough
the turbine and the cross-sectional area of the stream tube increases, as shown in Fig. 5.5. The
thnrst T exerted on the turbiae by the wind is equal to the rate of change of momentum,
so that

(s.4)

l,).f,1

(s.10)

(s.11)

the wind that is

(s.12)

dm,I - -lus-uy)ut

wh*e dmf dt is the mass of wind flowing through the steam-tube per second.

The power P extracted is given by the product of the thrust arrd the air speed at the hrrbine,
u1, so ttrat

Aqp: Tut: #@o - uz)q.- df '-
(s.5)

We can also express the power extracted as the rate of loss of kinetic energy of the wind, i.e.

A*
^ l sI!. | 1 ?\r:*--:-l1/;-u;1.'.clf '"
Comparing eqns (5.5) aad (5.7), we require

(u() - u2)u1: t@?o- 4) : l@o - u)(uo.t u).

u1 : |(uo * uz), or

ttz:ZuL - 1t0' tS.gl

A1so, by mass continuity (Chapter 3), the mass flow per second, dmf dt, is given by

dm
- - puA - pu1A1. (5.9)

GT

(Note that the changes irr liressure are su-fficiently small that the density of ai p is essentially

constalt; see Chapter 3, Example 3.3.)

Substituting for il2 from eqD. (5.8) and for dm/dt from eqn (5.9) in eqn (5.6) yields

P :2pr?tAt(uo - u).

Let a1 : (l - a)uo where a is called the induction factor. Then

t: )pu7sh{aaG - a)21.

The pow'er Coeffi.cient Cp, which represents the fraction of the power in
exhacted by the twbine, is given by

Cp : Pl lip"trerl : 4a(t - a)2-

Maximizing P, by setting dCy ldt to zero, gives the maximum power exhacted P-o when

a: { equalto

P-"x: )puloAt{r5/221, tJ, rJ,

wtrich is -59% of the power in the incidentwind passilg fteelythrough an area equal to that

of the twbine, 41. This limit for the power coefflcient Cp of 16127 of.the iacident wind power

is called the Betz or Lanchester-Betz lirnit.


