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Question 1. [27 marks]

(a) For a differentiable map f : R — R, how is the multiplier of a periodic orbit
defined?

(b) Write down a condition on the multiplier which guarantees that a periodic
orbit is stable (i.e. attractive).

(c) Let f : [—1,1] — [—1, 1] be the logistic map, defined by fy(z) = 1 — \z?
for parameters \ € [0, 2].

(i) For A € [0, 2), compute the fixed point z* = 2*(\) € [—1, 1] of f.
(ii) Compute the multiplier of this fixed point z*(\).

(iii) Determine the largest value A\, with the property that the fixed point
x*(\) is stable for all A € [0, \y).

(iv) For A > )y, determine the periodic orbit of f, which has minimal
period 2.

(v) Compute the multiplier of this period-2 orbit, and determine the largest
value A\, with the property that this orbit is stable for all A € (A1, \2).

(vi) Briefly define what is meant by a period-doubling bifurcation.

(vii) How is the Feigenbaum constant ¢ defined?
Solution:

(a) If the orbit is generated by the point =, of minimal period n, the multiplier is
defined to be (f™)'(x). An alternative expression (courtesy of the chain rule)

is [Ty f/(fi).

(b) If the multiplier is strictly smaller than 1 in absolute value then the orbit is
stable.

(c) (i) Fixed points of f, satisfy A\z? + = — 1 = 0, so z = =2 of which

only
I 2 T O
B 2\

(M)
belongs to [—1, 1] when A € [0, 2).

(i1) The multiplier is
@A) = =2x2"(\) =1 —V1+4). [3]

(iii) A\; = 3/4. This is because the multiplier is a strictly decreasing
function of \, decreasing from value 0 at A = 0 to value —1 at A = 3/4.
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(iv) The period-2 points satisfy f7(z) —z = 0. But
fix) =1—= M1 = 22?)? = =2 +2X%2 =\ +1,

SO
@) —x =N +2X%2% —2 — A+ 1.

But both fixed points are roots of this polynomial, so Ax*> +z — 1 is a
factor of this polynomial, hence we can factorise f7(z) — x as

fiz)—z=—-A\2? +2 - 1)(N2? = Az + (1 = N)).

Therefore the points of minimal period 2 are the roots of
A2x? — Az + (1 — \), namely

1++v4X -3
T (A) = — (6]

(v) The multiplier for this period-2 orbit is then the product of
Fas (V) = —2Xa4(\) = —(1 + VIX - 3)

and

file-(N) = —2Xe-(A) = —(1 — VAA —3),

namely
1—(4A—=3)=4—4x=4(1-)).

This multiplier decreases from value 1 at A\ = A\; = 3/4 to value —1 at
A = 5/4. We therefore see that

Ao =5/4. [4]

(vi) A period-doubling bifurcation is the event such as occurs at A = Ay,
or alternatively at A = Ao, whereby a formerly stable period-n orbit
loses its stability, and a new stable period-2n orbit is born. [2]

(vii) If we denote by (\,,) the sequence of parameter values at which the
period-doubling bifurcations occur, the Feigenbaum constant J can be

defined by:

. )\n - )\n—l
0= lim ——.
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Question 2. [26 marks]
(a) Given a subset of R?, how is its box dimension defined? (4]

(b) Briefly describe the construction of the Sierpinski triangle P*. Use this
description to show that if the box dimension of P* exists then it must equal

log 3/ log 2. (8]
(c) Let H denote the collection of compact subsets of R%. For A, B € H, how is

the Hausdorff distance 1(A, B) defined? (4]
(d) Given a finite collection of self-maps of R?, how is the corresponding

iterated function system defined? (4]
(e) What does it mean for a self-map of R* to be a contraction mapping? [3]

(f) State the Dubins & Freedman Theorem on iterated function systems
consisting of contraction mappings. [3]

Solution:

(a) Fore > 0let N(eg) denote the smallest number of squares of side length ¢
needed to cover A. The box dimension of A is then

lim log N (¢)
e=0 —loge

I

provided the limit exists. (4]

(b) Begin with a solid equilateral triangle, then sub-divide it into 4 congruent
equilateral triangles, then remove the central triangle, leaving 3 solid
equilateral triangles.

Repeat the above step with each of the remaining 3 triangles, and continue
the process ad infinitum. (4]

Assuming (without loss of generality) that the initial equilateral triangle has
side length 1, we see that N(1/2) = 3, and more generally N (1/2%) = 3*, so
existence of the box dimension D means that

logN(e) .. logN(1/2F)  log3* log3

D=lm——F=Ilim ——————~ =1 = .
50 —loge e —log2=* Pl klog2 log2

[4]

(c) Let d(-,-) be the usual distance function on R?. For A € H, and 2 € R?,
define o(z, A) = minye4 d(z, y).

Then define hps = max,cp o(z, A), and finally set
h(A, B) = max(hAB, hBA) . [4]
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(d) If the self-maps of R? are ¢, for1 =1, ..., n, then the corresponding
iterated function system is the self-map ® of H defined by

(A) = UL, 0i(A)

forall A € H. (4]
(e) ¢ :R* — R? s a contraction mapping if there exists a constant @ € [0, 1)
such that
d(8(2). $(w)) < ad(z,w)
for all w, z € R?, where d is the usual Euclidean distance. [3]

(f) The Dubins-Freedman theorem states that given contraction mappings
¢; - R* > R? i=1,...,n, the associated iterated function system
® : ‘H — H has a unique fixed point. The fixed point is attracting, and its
basin of attraction is the whole of . [3]
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Question 3. [25 marks]
Let X denote the interval [—1, 1].

(a) Explain what it means for two maps f, g : ¥ — X to be topologically
conjugate. (3]

(b) Show that the notion of topological conjugacy defines an equivalence
relation on the set of self-maps of . (4]

(c) Use the map h(z) = sin(mx/2) to show that the map f : 3 — ¥ defined by
f(z) = 1 —2|z| is topologically conjugate to the Ulam map g : ¥ — ¥ given
by g(x) =1 — 222 (6]

(d) Find the fixed point of the map G : 3 — ¥ defined by G(z) = 1 — 22, and
determine, with justification, whether this point is unstable, stable, or
superstable. (4]

(e) Find the periodic orbit of minimal period 2 for (G, and determine, with
justification, whether this orbit is unstable, stable, or superstable. (4]

(f) Determine whether the map F' : ¥ — X given by F'(z) = 1 — |z| is
topologically conjugate to G, being careful to justify your answer. (4]

Solution:

(a) f and g are topologically conjugate if there exists a homeomorphism
h:%¥ — Ysuchthatho f = goh. [3]

(b) Clearly any f is topologically conjugate to itself: just take A to be the
identity map. (1]

The relation is symmetric: if ho f = go hthen H o g = f o H where

H=h"t (1]
The relation is transitive: if ho f; = fy o hand h' o fo = f3 o I/, then setting

H = h' o h we see that

Hofi=hohofi=hofooh=fsohoh=f30H. [2]

(c) First observe that h : ¥ — ¥ defined by h(x) = sin(7z/2) is indeed a
homeomorphism. [1]

We will show that ho f = g o h.

Firstly, if z € [—1, 0] then

h(f(z)) = sin((2x 4+ 1)7/2) = sin(w/2 + 7x) = cos(wzx),
and if z € [0, 1] then

h(f(x)) = sin((1 — 2z)7/2) = sin(7/2 — wx) = cos(mz).

Secondly, g(h(z)) = 1 — 2sin®(72/2) = cos 7.
So g(h(x)) = h(f(x)), as required. [5]
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(d) The fixed point z, satisfies z, = 1 — 22, so equals 3(—1 + v/5). Now
%(—1 — \/5) < —1 so is outside Y, therefore the required fixed point is

H=1+V5).

Now G'(z) = —2x,s0 G'(z.) =1 — V5 < —1, so this fixed point is

unstable.

(e) The orbit of minimal period 2 is {0, 1}.
Since G'(0) = 0 we see that this orbit is superstable.

(f) The two maps are not topologically conjugate.

Justification: Every point in [0, 1] has minimal period 2 under F', whereas G
only has a single orbit of minimal period 2, therefore the maps cannot be

topologically conjugate.
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Question 4. [22 marks]
Leto:[0,1) — [0,1) and 7 : [0,1) — [0, 1) be defined by o(x) = 2z (mod 1)
and 7(x) = 3z (mod 1).

(a) Given z € [0,1), with binary expansion z = Y - | by /2" where each
br € {0, 1}, show that x is periodic under o if and only if the binary digit
sequence (b))%, is periodic. [10]

(b) Determine the period-5 orbit of o which is contained in the interval

3/20,13/20]. (3]
(c) Determine the periodic orbit of o which is contained in the interval
[3/10,4/5]. (3]
(d) Identify, with justification, those points of minimal period 4 for o which are
also of minimal period 4 for 7. [6]
Solution:

(a) Applying the doubling map o corresponds to a (left) shift of the binary digit
sequence, so if
xr = .blbg...bTble...bT...

is such that the digit sequence has period 7', then o7 (x) = =, so z is periodic
under o. [3]

Conversely, if z is periodic with period T, then z = o7 (2) = 2Tz (mod 1),
soz(2h —1)=2m e {1,2,...,27 — 2}, therefore

m m 1 m

_ -T —2T -3T
ﬁ_Q_TW_ﬂ(HQ +277 27 ) 3]

Tr =

Now let by, ...,br € {0, 1} be such that
m= 02T + 5272 4 bp2°

SO

m by by br
— == =+ ..+ = 2
2T 2+22+ +2T’ [2]
therefore
by by br ST | 6-2T | o-3T
x:<§+§—l—...+2—T (T+27"+272 42730 4 ),

in other words
T = .blbz...bTblbz...bT... s

so the digit sequence is periodic. [2]

(b) The unique such orbit is {5/31,10/31,20/31,9/31,18/31}. (Note: To arrive
at this answer probably requires enumerating other period-5 orbits). [3]
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(c) The unique such orbitis {1/3,2/3}. (Note: To arrive at this answer probably
requires enumerating other periodic orbits). [3]

(d) The points of period 4 for o are those rationals of the form
m/15=m/(2* — 1) form € {0, 1,...,14}, and all of these points except
for 0, 1/3 and 2/3 have minimal period 4.

We deduce there are 3 orbits of minimal period 4, namely
{1/15,2/15,4/15,8/15} ,

{1/5,2/5,4/5,3/5} .
and

{7/15,14/15,13/15,11/15} .
Under 7, the orbit {1/5,2/5,4/5,3/5} has minimal period 4, because
7(1/5) = 3/5, 7(3/5) = 4/5, 7(4/5) = 2/5, 7(2/5) = 1/5.
Under 7 the points in {1/15,2/15,4/15,8/15} or
{7/15,14/15,13/15,11/15} are pre-periodic but not periodic.

Therefore the set of points of minimal period 4 for o which are also of
minimal period 4 for 7 is precisely {1/5,2/5,4/5,3/5}.

End of Paper.
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