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Question 1 (a) Suppose we are given a non-empty set ¥ and a map f: 3 — X.

(i) [1 mark] What does it mean to say that z € ¥ is a fized point for f?

(ii) [2 marks] What does it mean to say that = € ¥ is a periodic point for f7
) [
) |

(iii) [1 mark] How is the minimal period of a periodic point defined?

2 marks] What does it mean to say that x € ¥ is an eventually periodic
point for f7

(iv

(v) [6 marks] Prove that if f is invertible then every eventually periodic point
is a periodic point.

(b) [5 marks] Give a detailed statement of Sharkovsky’s Theorem.
(c) Suppose the map f :[0,1] — [0, 1] is defined by

_Jxz+1/2 forze]0,1/2)
f(x)_{Q_zx foer[l/le]-

(i) [3 marks| For this map f, determine all its fixed points.

(ii) [4 marks] For this map f, determine an eventually periodic point which
is not periodic.

(iii) [4 marks] For this map f, determine all its points of minimal period 2.

Solution:

(a) (i) [1 mark] It means that f(z) = .
(ii) [2 marks] It means that f(z) = x for some n € N.
(iii) [1 mark] It is the smallest natural number n such that f™(z) = =.
) |

(iv) [2 marks| It means that for some m > 0, the point f™(z) is a periodic
point.

(v) [6 marks] Suppose that x is eventually periodic, so there exists m > 0 such
that f™(z) is a period-n point for some n > 1, i.e. f*(f"(z)) = f™(x).
In other words, f™(f™(x)) = f™(x). But invertibility allows us to apply
f~™ = (f~1)™ to both sides of this equality, giving f*(z) = x, so in fact
x is periodic.

(b) [5 marks] Sharkovsky’s ordering < of the natural numbers is given by:

1<2=<22<28<...<2m ...
o< 2kon—1) <. <2k T <2F 5 <2k 3 <

e =<22n—1) <+ <2-7<2-5<2:-3<---
e <2n—1<---<7<5<3.

Sharkovsky’s Theorem then says that if f : R — R is continuous, and has
a periodic orbit of minimal period n, then it has a periodic orbit of minimal
period m for all m < n.
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(¢) (i) [3 marks] The only fixed point is z = 2/3.

(ii) [4 marks] The point x = 1/6 is a pre-fixed (hence pre-periodic) point: to
see this note that f(1/6) =1/6 4+ 1/2 = 2/3, which is the fixed point.

(iii) [4 marks] The points 1/3 and 5/6 are the only points of minimal period
2. To find these points, note that if x € [0,1/2) has period 2 then f(x) =
x + 1/2 must lie in [1/2,1], so

r=fz)=flex+1/2)=2-2@x+1/2) =12z,

so x =1/3; then f(1/3) =1/3+1/2=5/6.
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Question 2 (a) [2 marks| For a differentiable map f : R — R, how is the multi-
plier of a periodic orbit defined?

(b) [2 marks] Write down a condition on the multiplier which guarantees that a
periodic orbit is stable (i.e. attractive).

(c) Let fy: [~1,1] — [~1,1] be the logistic map, defined by fy(x) =1 — Ax? for
parameters \ € [0, 2].

(i) [3 marks| For A € [0,2), compute the fixed point z* = 2*(\) € [—1,1] of
Ia-
(ii) [3 marks] C
(iii) [2 marks] Determine the largest value A\; with the property that the fixed
point z*(\) is stable for all A € [0, \1).
]

(iv) [6 marks] For A > A1, determine the periodic orbit of f) which has minimal
period 2.

ompute the multiplier of this fixed point z*(\).

(v) [4 marks] Compute the multiplier of this period-2 orbit, and determine
the largest value Ao with the property that this orbit is stable for all
AE ()\1, )\2)

(vi) [2 marks] Briefly define what is meant by a period-doubling bifurcation.

(vii) [3 marks| How is the Feigenbaum constant § defined?

Solution:

(a) [2 marks| If the orbit is generated by the point x, of minimal period n, the
multiplier is defined to be (f™)(x). An alternative expression (courtesy of the
chain rule) is [[/y f/(f'z).

(b) [2 marks] If the multiplier is strictly smaller than 1 in absolute value then the
orbit is stable.

(c) (i) [3 marks] Fixed points of fy satisfy Az?+ 2 —1=0, so x = % V}\lH’\, of

which only
. -1+ V144X
T =

belongs to [—1, 1] when X € [0, 2).
(ii) [3 marks] The multiplier is

A" (V) = =222"(A) =1 - V1 +4A.

(iii) [2 marks] \; = 3/4. This is because the multiplier is a strictly decreasing
function of A, decreasing from value 0 at A = 0 to value —1 at A = 3/4.

(iv) [6 marks] The period-2 points satisfy fZ(z) —z = 0. But
fx)=1-21 - 22 = Nzt 422022 — A +1,

S0
fx) —x=-Na+2)%2% —z — A+ 1.
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But both fized points are roots of this polynomial, so Az? +z — 1 is a
factor of this polynomial, hence we can factorise f{(z) — z as

i) —z=—-O2?4+z-1)(N22 =Xz + (1-)N)).
Therefore the points of minimal period 2 are the roots of \2z? — Az +

(1 — ), namely
1++v4X -3
2\ ‘
(v) [4 marks] The multiplier for this period-2 orbit is then the product of

1 () =

Fi@s (V) = =2Xa4 (X) = —(1 + VAR = 3)

and

Alz—(N) = =2Xz_(A) = —(1 = V4A = 3),

namely
1—(4N=3)=4—-4Xx=4(1-)N).

This multiplier decreases from value 1 at A = A\; = 3/4 to value —1 at
A = 5/4. We therefore see that

Ao =5/4.

(vi) [2 marks] A period-doubling bifurcation is the event such as occurs at
A = A1, or alternatively at A = Ay, whereby a formerly stable period-n
orbit loses its stability, and a new stable period-2n orbit is born.

(vii) [3 marks] If we denote by (\,) the sequence of parameter values at which
the period-doubling bifurcations occur, the Feigenbaum constant § can be

defined by:
An — An—l

§ = lim 2" .
e W
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Question 3 (a) [6 marks] Define what it means for f : R — R to be

(i) a homeomorphism,
(ii) a diffeomorphism,

(iii) order preserving.

(b) [7 marks| Prove that an order preserving map f : R — R does not have any
points of minimal period strictly larger than 1.

Solution:

(a) (i) [2 marks] A homeomorphism is a continuous bijection whose inverse map
is also continuous.

(ii) [2 marks] A diffeomorphism is defined (in this module) to be a bijection
such that both f and f~! are C' maps, i.e. they are differentiable with
continuous derivative.

(iii) [2 marks] It means that if z < y then f(z) < f(y).

(b) [7 marks] Suppose, in order to derive a contradiction, that z is periodic of
minimal period n > 1. In particular, f(x) # x, so we can consider two cases:
either z < f(z) or f(x) < =.

If z < f(x) then f(x) < f(f(x)) = f%(z) because f is order preserving, and
repeating this argument we see that fi(x) < f*!(z) for all i > 0. Thus in
particular = < f"(z), so x # f"(x), contradicting the supposition that x is
n-periodic.

If on the other hand f(z) < x then f%(z) = f(f(x)) < f(z) because f is
order preserving, and repeating this argument we see that fit!(z) < fi(z)
for all 4 > 0. Thus in particular f™(z) < z, so x # f"(x), contradicting the
supposition that = is n-periodic.
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Question 4 (a) [4 marks] Let Cy = [0,1]. In the standard construction of the
Cantor ternary set C' = N72Ck, describe briefly how the sets Cj are defined.

(b) [2 marks] Write down the sets C; and Cs.

(c) [2 marks| If Cf is expressed as a disjoint union of Ny closed intervals, compute
the number V.

(d) [2 marks] What is the common length of each of the Ny, closed intervals whose
disjoint union equals C?

(e) [4 marks] Given a set A C R, how is its box dimension defined?

(f) [4 marks] Let H denote the collection of compact subsets of R. For A, B € H,
how is the Hausdorff distance h(A, B) defined?

(g) [4 marks|] Compute h(Cy,Ca).

(h) [4 marks| Using your answers to parts (c) and (d), or otherwise, show that if
the box dimension of the ternary Cantor set C' C R exists then it must equal
log 2/ log 3.

(i) [3 marks] Given two maps ¢; : R — R and ¢2 : R — R, how is the correspond-
ing iterated function system ® : H — H defined?

(j) [3 marks] Write down two maps ¢1 : R — R and ¢3 : R — R such that the
ternary Cantor set C is the fixed point of the corresponding iterated function
system .

Solution:

(a) [4 marks] The set Cj_1 is a disjoint union U;I; of closed intervals. If from each
of these closed intervals I; we remove the ‘open middle third’, we are left with
a pair of closed intervals I;” and I;", each of length a third the length of I. The
union U;(I; U L) of these intervals is then defined to be the set Ck.

(b) [2 marks] C; =[0,1/3] U [2/3,1], and
Cy=10,1/9]U[2/9,1/3]U[2/3,7/9] U [8/9,1].
(c) [2 marks] Nj = 2% because Ny = 1 and the recursive procedure doubles the
number of intervals at each step.

(d) [2 marks] The length is 1/3%, because the length of the closed intervals decreases
by a factor of 3 at each step, and the length of Cy = [0,1] is 1.

(e) [4 marks] For € > 0 let N(g) denote the smallest number of length-¢ intervals
needed to cover A. The box dimension of A is then

lim log N(¢) ’
e—0 —loge

provided the limit exists.
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(f) [4 marks| Let d(-,-) be the usual distance function on R. For A € #, and
x € R, define p(x, A) = minyec 4 d(z,y).

Then define hps = maxzep o(x, A), and finally set

h(A, B) = max(hAB, hBA) .

(g) [4 marks] If A= C4, B = Cy then hpa = 0 since B C A, whilst
hap = né%xg(x,C'g) =0(1/6,C3) =1/6 -1/9=1/18,
x 1

SO
h(Ch, Cy) = max(1/18,0) = 1/18..

(h) [4 marks] If g, = 1/3F then N(g;) = 2%, by parts (c) and (d), and so the box
dimension equals

log N (ex) . klog2 log2
— = 11Im = .
k—oo —logey k—oo klog3  log3

(i) [3 marks] It is defined by ®(A) = U?_,¢;(A) for all A € H.

(j) [3 marks] We may take ¢1(z) = 2/3 and ¢2(z) = (x + 2)/3.

End of Paper
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