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Question 1 [25 marks].
(a) For the following, either give an example or explain why no example can exist:
(i) A group with at least four elements in which every element has order either 1

or 2.

(ii) A group with at least four elements in which every element has order either 1
or 4.

(iii) Two groups of order 24 which are not isomorphic to one another.
(iv) Two countably infinite groups which are not isomorphic to each other.
(b) Let G = {x € R: > 0} and define a binary operation o on G by x oy := |z — yl.

Decide which of the four group axioms are satisfied by (G, o) and which are not.
For each axiom, give a brief justification for your answer.

(c¢) Using Lagrange’s theorem, or otherwise, show that if g is an element of a group G
such that |G| = n, then ¢" is the identity element of G.

(d) Using the result of (c¢) above, show that if p is a prime number and n is an integer
in the range 1 < n < p, then n?~! =1 mod p. (Hint: consider the group U,.)

(e) List all subgroups of the dihedral group Do and indicate briefly why your list is
complete.

Question 2 [25 marks].

(a) Consider the two permutations f,g € S5 given by
1 2 3 4 5 1 2 3 4 5
[ IR TR Iy S )
4 5 2 31 35 1 4 2

(i) Write each of f, g, and fg in disjoint cycle notation.

(ii) State the order of each of f, g, and fg. Briefly justify your answer with
reference to a result from the course.

(iii) State the cycle type of each of f, g and fyg.

(iv) Which of f, g and fg are conjugate to one another? Briefly justify your
answer with reference to a result from the course.

(v) Which of f, g and fg are elements of the alternating group As? Briefly
justify your answer with reference to a result from the course.
(b) (i) Consider the element 73 of the dihedral group Djo. Find the centraliser of
r3 in Dyg. Give a brief justification for your answer.

(i) Now instead consider the element r* of the dihedral group Djy. Find the
centraliser of 7% in D;,. Give a brief justification for your answer.
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(iii) Write down the centre of the group Djy and give a brief justification for
your answer. 2]

Question 3 [25 marks].

(a) Give an example of a group G and subgroup H < G such that H is not normal in
G. 2]

(b) Show that:

(i) If N is a normal subgroup of an abelian group G, then G/N is also abelian.  [3]
(ii) If ¢: G — H is a group homomorphism and G is abelian, then im ¢ is
abelian. 3]

(c) Using the Third Isomorphism Theorem, or otherwise, prove that if H; and H, are
subgroups of an abelian group G, then

[ Hy| - [Hy|
HHy| = ———.
[ | |H, N H,)|
Indicate clearly in your answer where, and how, you make use of the fact that G
is abelian. 4]
(d) Define

Gi=Usy,  H ={1,5913,2545}, Hy:=={1,3,9,17,19,25}.
Calculate |Hy Hs|. (4]

(e) Let F4 denote the field with four elements, let F2 denote the set of all
two-dimensional vectors with entries in Fy, and recall that GLy(F,) denotes the

group of invertible 2 X 2 matrices with entries in F4. In this question we consider
the action m of GLy(F4) on F? defined by 7(A4,v) := Aw.

«@

(i) How many elements of GLy(FF4) belong to the stabiliser of the vector (§)?

(i) How many vectors belong to the orbit of the vector ({)?

@

(iii) Using an appropriate result from the course, calculate the order of GLy(F4). [3

Question 4 [25 marks].

(a) Suppose that G is a group of order 117. Prove that G cannot be simple. State
carefully any additional results from the course which you require in your answer. [5]

(b) Suppose that G is a group of order 168, and let n; denote the number of Sylow
7-subgroups of GG. List all possible values that n; could take which are consistent
with Sylow’s theorems. Is it possible to decide, using this list of values, whether
or not G is simple? Why, or why not? 4]
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(c) Without proof, write down:
(i) A composition series for the group Ca7.

)
(i)
)
)

(iii

(iv) A composition series for one of the three groups listed in (i)—(iii) above
which is different to the composition series which you stated in your earlier
answer.

A composition series for the group D;s.

A composition series for the group Sj.

(d) Show that if a group is abelian then all of its inner automorphisms are trivial.

(e) Let p be a prime number and let G be the group of integers {0,1,...,p— 1}
equipped with the binary operation of addition modulo p. By considering the
effect of each automorphism on the element 1, show that the outer automorphism
group of GG has exactly p — 1 elements.

End of Paper.
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