
1 .
The principal part is

adxy+ 2 bUxy+ c Uyy =O

Uxx + 84xy with a= 1
, b= 4 ,

c = 0

using the new
coodirates

[-4x+y=4x+Y
T

then =**

-
= 0 + =zy
=

So The principal part becomes

Ux + 84xy = ( -4)* -4)u +8 -44

=(* -4)((x -4(y)) +8( -4)Hys
= UxX - 4Uxy-4Uxy' +16Uyy' + 80xy'-32 kyy
= Uxx' - 16 U+'y

and the equation is hyperbolic.



2 Integrate both sides with respect to X,

get Hy = xy + f(y)

Integrate again with respect to y

get UcX - y)= + F(y) + G(x)

for any differentiable function F , E.

The characteristic curve is
3-

= -2
,

t = - 2X+ C
,
trx= C

Along the chracteristic
carves

,
the PDE becomes

* U(X ,tex) = e
- 1

en' = 1

(el) = 1

en = X+ f()

u = (n [x+ f(]

The general solution is

u(x .+ ) = (n [x + fxt+2x)]



When to , we have 2x= C
, X = z

0
=In [x+ f(t +2x] = In[e+ f(c]

eo = z + f()

f() = e - z= 1 - z

plug into the general solution , we get

n(x ,t) = In [X+ 1- E]

=Int1-E]

4 .
The general solution is

u(X , +) = F(x++) + G(X-t)

At X-t =

0 , we have X= + and this

4X = F(2G(0)

Phigin x= we get F(s) = 4= G() = SEGCO)

At X+to ,
we here xe-t and this

4x = F(0) + G(2x)

phein x= E neget G(s)=4- F(0) =25 - Flo)

A (0 ,%) we have o = F(0) + G(o)

plug into the general solutions we get

a(X , +)= (x++= G() + 2(X-t)- F(0)

= (x++=+z(X-t) .



5

. First consider solutions of
the form

ucX +) = X (x T(t),

The PDE becomes

Xi - *T = 0

-a

=* = -X - constant

The eigenvalue for X becomes

o(X
= - XX

↓10)= 0
,
X(I)= 0

claim : X3 .

0
.

poof of claim : Martiply Fution & by X and

integrate ,

we get

9*XX"xdx = - XSo
*
( 1 dx

xcexclo"- SoxxPdx = - XSo" IXcxFdx

XCX()- X(+)X(0) - SolxxYdx = - x((x(x)2dx
- SIXEdx = - xSoxid

Thus &30· #

so
the algebraic equation of O is

X =
-X

,

it has 2 roots X= it
,
-is



The general solution for X is

X(X) = C , CT(X) + (25in

Xd= 0 implies

o = -cisin 0 + C25cosO

Thus (2 = 0

XCT)=o implies
los = 0

, &X = Eth ,=2,.

This eigen vales and exgenfrctins
are

Xn = (th)2 ,
Xn(x)= costh)X]

Given Xn ,
we solve for T and get

Trct) = an Costetict] + InSin[cEthict]

The general solutione are

u(xit)= ancsEItHx]asTcEtrcE]+bucosTcERX]SinGIth)ct]

Differentiate with respect
to reget

Ut(0)= bn . cith) ·C . cos [Ith)X]

we have by the initial
conditions that

=any
-12C. CoS(EX)= bucier)-c . costIthX]

We observe that an=o fall , bu=o exceptfor n= 1,

and - 12c = bi (1+1 . c
,
bi = - S

So the solution is

n(x ,+) = - 8Gs(X) Sin (Ect)


