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Symmetric groups v sz’ . n}

Symmetric group: Group of all permutations on n symbols
X-set , Sym(X)= {the collection of one-to-one and onto function  : X — X}

The symmetric group of degree n is the symmetric group on the set /, X—DX
X ={1,2,3,---,n}. We Il denote this set by S,. j

Suppose  tfy 4 € Syorx, Sy )~
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Symmetric Groups —

Claim Onlo : Lf/Lﬁ_[,“ )) 4 ’J'“q'wémp‘
Claim: Sym(X) equipped with o is a group. u2 o fR p@@% \
v’

(i) Closed: The operation of function composition is closed in the set of permutations
of the given set X.

(ii) Function composition is always associative.

(iii) The trivial bijection that assigns each element of X to itself serves as an identity.
(iv) Every bijection has an inverse function (permutation) that undoes its action,
and thus each element of a symmetric group have an inverse (X —
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Symmetric Groups
Symmetric group: Group of all permutations on n symbols

(o)) = )= L) =
G Closess /)4’/)&%7
G Yeolpef) = (fot)ed 23 7)
G- Za(éo@]fnhf} gﬂ: 23 -7

G G-50350r - |



Symmetric Groups
Symmetric group: Group of all permutations on n symbols

Disjoint cylce notation:
The group operation in a symmetric group is function composition, denoted by the symbol o or
simply by just a composition of the permutations.

(331207 Sy

1 2 3 45
g_(l2_5)(§‘i)_< 5 4 3 1>
We Il apply first g and then f.
1 2 3 45
fg_fog_(ﬁ“)(%)_(z 4 5 1 3>
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Symmetric group

S,, symmetric group of degree 2

This group consists of exactly two elements: the identity and the permutation
swapping the two points. It is a cyclic group and is thus abelian.

S3, symmetric group of degree 3, S; = Dg

S3 is the first non-abelian symmetric group. This group is isomorphic to the dihedral
group of order 6, (Dg) the group of reflection and rotation symmetries of an equilateral
triangle, since these symmetries permute the three vertices of the triangle. Cycles of
length two correspond to reflections, and cycles of length three are rotations.
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Symmetric groups
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Symmetric group
Inverses -

123[/) (2 3 Y4
(2, 5 4 )= 21 3%

Cycle Notatiorcz// s,

(1463 7)(5)(28)
= (1%637)(28)



Symmetric groups 4

v
Disjoint Cycles /\ 2
/ = 4
Remark: Disjoint cycles are not unique. \ ‘}
§

6= (14 637)(28) 74— 3
= (71463)(§2) = 1) (46)(63)(37) (28)
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Symmetric group

Example: (42)0(123)0 (14)
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Symmetric group
Cycle of length m
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Symmetric Groups
Symmetric group: Group of all permutations on n symbols

Rernembes
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Symmetric group

Lemma

Suppose f € S, is written in disjoint cycle notation. Then f~—' is obtained by reversing
all the cycles.

eﬁ_jﬂ/ (Q,0:--Qy) » a 7% % 7{
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Symmetric group
Lemma

Suppose f € S,. Then ord(f) is the least common multiple of the lengths of the cycles
of f.
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Symmetric group 04,0{(7() —=mcn ? m "’(d) :ﬂ'j

Order of a permutation

Example 1: What is the order of the permutatiog= m’ﬁ; m /

2
1 23 45 6 7 8
(14637)(28) ; ;:<4 8 765312 >;ﬂ.cm G‘(j"”& f
Example 2: What is the order of the permutation (1357)(28)(496)7? &715‘?

g.—,(/357)(28)(t{% @@ @
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Alternating group (a, a, --. am) ( y( )
Definition
We call a permutation an m-cycle if it has one cycle of length m, and its other cycles
all have length 1. A 2-cycle is also known as a transposition.

/23
(23)=(334

Lemma \

Every element of S,, can be written as a product of transpositions.
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Symmetric group

Remark: for the sake of order we need to include "the empty product which is
identity”. This applies that the lemma will valid even for n = 1.
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Alternating group [ﬂn — Allernalivg iwcf

Definition
Suppose f € S,,. Then f is even if it can be written as a product of an even number of
transpositions, and mif it can be written as a product of an odd number of
transpositions. The alternating groug_ﬁn‘is the set of even permutations in S,.

- ./
Examples: For example, (1234) is odd, because (1234) = (12)(23)(34). On the other
hand, (123)(456) is even, because (123)(456) = (12)(23)(45)(56).

Lemma
A, < S,, A, is a subgroup of S,,.
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Alternating group becng fie evev /Da/’"/u‘afdao.
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Alternating group 9[ (7 € (ﬂ,, ;" ewen no of
t 2 8 4 5 6 7@/&5/70 ront .
Definition f; ( - ) X

Suppose f € S,. An inversion of f is a pair‘of numbers a, b € {1,2,--- , n} such that
a < bbut f.a > f.b. We write inv(f) for the number of inversions of f.

An inversion in a permutation is a pair (i,j! where i < j but i appears after j in the
permutation. In other words, in the one-line notation of a permutation, an inversion

occurs if a smaller number appears to the right of a larger number.
S}

ool - =[123 %S = 2023
Ezagﬁ. 7[—(235) (,3592))( 2’ 4
9“”" (25), (34),(35), (‘r:)}
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Alternating group
2 3 s 6T 8)
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Alternating group ., c‘nV((C,a/)g ) @ g,,v(ﬁ) hav@
Lemma Hesent c
Suppose g € S, and 1 < c < d < n, and Ietﬁ_: (cd)g. Then inv(g) is evon(ifand 1
only if inv(h) is % a/ _ a)b} cxX
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Alternating group
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Altegnating group [
P2 3 4
Exercise

Find the inversions of the permutation (c, d)g where
(123 6 7 89
=3 25 6 98 1

45
17
in So. =(13579) S—cdcle

(i) The effect of (c, d) is to swap the positions of elements ¢ and d in the permutation.
(ii) The final permutation (c, d)g is the result of applying the 5-cycle g first and then
applying the transposition (c,d).

Case |: (c, d) involves elements of the cycle g

If c and d are elements of the 5-cycle g = (13579) swapping them will change the relative
order of these elements in the cycle, potentially creating or removing inversions between them
and other elements of the cycle. -




i ) (73579
Alternating group  (hS) (/138579 = (35 | 4 7 ¢ 98 5
For example ¢ =1 and d = 5 so the transposition (1,5) swaps these two elements. The
permutation g = (13579) becomes after applying (15), the new permutation becomes (B2
where 1 and 5 have been swapped. We then compute inversi ni in t?is new_permutation.
(1D(s79)

/I 2 3 t{}’é??‘}}

—
Case lL (c,d) involves elements outside the cycle g. If‘c—and d are not part’of the cycle g,
then applying (c, d) will simply swap two elements outside the cycle, and the relative order of
elements within the cycle will remain the same.

In this case, the number of inversions would only be affected by the transposition involving ¢
and d.

Example Inversion: Inversion of g are ? Lets (¢, d) = (1,5) and g = (13579).
Then h = (1,5)g swaps 1 and 5, so the new permutation is (13)(579). .
Total inversions of h are ? o

Inversion of (24)g are ?

T=-cng



Alternating group - en(f) =

Lemma 1

Suppose f € S,. If f is even, then inv(f) is even. If fis odd, then inv(f) is odd. So f
cannot be both even and odd.

94 fes, fu over &= V) U ever
=
flott el colzfﬂiéé , no EetLaon -
We M one TMMﬂOA&'A'OVL

Aom
s petscor Clearfd
st /;(00(0/4 “ po banwt OV ﬂéwba o
exen —>0
ot odol > Ever Tanssposclion, w? emol 2f

wotl. ewver Jmwedson,




Alternating group
Definition evlf)cenen no g Tiarspostios.
Suppose f € S,. Write ev(f) for the number of cylces of f of even length. \
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Alternating group 04,., égn :ggm x)
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Quotient group /(\/”/cl n \?/4”} / =5
A quotient group or factor group is a mathematical group obtained by aggregating similar
elements of a larger group using an equivalence relation that preserves some of the group

structure (the rest of the structure is "factored out™).

Definition
For a group G and a subgroup H < G, the quotient group of H in G, written G/H and read "G

modulo H”, is the set of cosets of H in G. Quotient groups are also called factor groups.
Let g € G, the right coset of H containing g is the set

—
Hg)= {hg| h € H} opeateon
The left coset of H containing g is the set Yy

Trs {m,u!{;. Z-‘._
Y

gH = {ghl h € H}




Quotient group

Properties of Quotinet group

o

2]
o
o
o
o
o
o

The identity element of a quotient group is the subgroup itself.

If N is a normal subgroup of G, the Order of G/N is equal to the order of G
divided by the order of N.That is, |G/H| = |G|/|N|.

Quotient group of an abelian group is abelian, but the converse is not true.

Every quotient group of a cyclic group is cyclic, but the opposite is not true.

The quotient group G/G has correspondence to the trivial group, that is, a group
with one element.

The quotient group G/{e} has correspondence to the group itself.

If G is nilpotent then so is the quotient group G/N.

If G is solvable then the quotient group G/N is as well



Quotient group

Example: Let G be the additive group of integers and N be the subgroup of G containing all
the multiples of 3. The quotient group of G is given by G/N = {N + a| aisin G}. Find the
order of G/N.

Solution: Given G ={... —2,-1,0,1,2,3,...}

And N={...,-6,-3,0,3,6,...}

G/N={N-+alaisin G}

then N+1=4{...,-5,-2,-1,2,5,...}
N+2=1{..,-4-1258,...}

Nowa = 3b + ¢ where bisin G and ¢ =0,1,2.

Therefore, N+a:N+(3b—|—c):(N—|—3b)+c:N+cma

As 3b belong to N. "ﬁ

Thus, G/N={N,N+1,N+2}

Now, Order of G/N = Index of N in G = Number of cosets of N in G = 3.



Quotient group
Example: Let G = {1,—1,i,—i} be a multiplicative group and N = {1, —1} be a
subgroup of G. Find the number of elements in the quotient group of G.
Solution: Clearly, G is abelian being a multiplicative group, then N is a normal
subgroup.
The quotient group G/N = {Na| a is inG}
Ng={1,-1} =N

N(-1) = {-1,1} = N
Ni = {i,—i} ‘Z_, J
N(—i) = {—i, i} = Ni )

G/N = {N, Ni}




Quotient group (23)=4¢ fj

3
Example IZ)(Z;}, ( ?)(322)
Take G = 83, H = ((12)) = {id, (12)} and g = (23). Then _ ([ 2 3 )
He = {(23).(123)),  aH={@3).az). (2 3/
Example Ha 2(23) (Il)(ZS)} Z(zsb (’23)}
@ H is always a right coset of itself, since 2(33)> (312) ?’
l23 H1 ={hllhe H} ={hlhe H} = H 3'7' '}
= z = € H} = €EH=H. .
=(31 z) N2

@ We can have Hf = Hg even when f # g. For example, let
G=C¢=1{1,2,22,23,2* 2°}. Then H = {1, 2%} is a subgroup. We have
Hz = {z,z*}, and also Hz* = {z,z*}. Later on, we'll see exactly when Hf = Hg.

SS:D" (23y(12)= (321) + (123) Nr:gcs”""‘”/

w



Cosets and Conjugacy

Proposition

Suppose G is a group, H< G and f, g € G.
Q [Hg| = H|.
@ If f € Hg, then Hf = Hg.

© Each element of G is contained in exactly one right coset of H.




Cosets and Conjugacy



Cosets and Conjugacy

Coset Lemma

Suppose G is a group, H < G and f,g € G. Then:
e Hf = Hg if and only if fg~! € H;
o fH =gH if and only if f~1g € H.




Cosets and Conjugacy

Proposition

If G is a group and H < G, then the number of right cosets of H is equal to the
number of cosets of H.

Tul owaQ




Exams Style Questions MEWM/Z" COOZZ
Exam Year, 2023 M/ Sz ﬂm/bf)

Question 1: =/
©Q Let G be a group and let f,g € G. Suppose that f and g have finite order and
that fg = gf. Show that the order of fg is less than or equal to the least common
multiple of the orders of f and g.
@ Give an example of two permutations f, g € S3 such that the order of fg is not
equal to the least common multiple of the orders of f and g.
© Consider the permutations f, g € Sg given by
~" /12345678 (123 456738
f(¢¢¢¢¢¢¢¢>, g(iiiiiiii)
56 4 3187 2 4 75 2 6
Write f, g and fg in disjoint cycle notation and state the order of each of f, g

and fg. _)[=(/25)(2é38)(ibf) 040((7’);’«0"2(2’3’2)



Exams Style Questions fj‘ (I 2345S 67 8)

Exam Year, 2023 42537168
Question 2: = (/143{75)(8)(2)
Let n > 3 and consider the group S,. 04/0[{7( ), 6

,\/@ Show that every element of S, can be written as a product of transpositions.
@ Let (1k),(1¢) € S, be transpositions, where 2 < k, ¢ < n and k # {. Write down
the permutation (1k)(1¢)(1k) in disjoint cycle notation.
© Suppose that H is a subgroup of S, which contains every transposition of the
form (1k), where 2 < k < n. Explain why H must be equal to S,.
@ Suppose that H is a subgroup of S, which contains the permutation (12) and also
contains the permutation (2345--- n). Show that H contains every permutation

of the form (1k) where 2 < k < n. Hees@ - Ehn -
© What is the group ((12),(2345---n))? WMI, % / j7 fj (ﬂn

[’ Thans PMJZI'OM ;



Exams Style Questions

Question 3: Find the following subgroups of Di, generated by the given elements.

g <rs>r s) G,Z(aéov-? /,Zm(ﬂ) W/L&lé Aocor MMZ’

r 7 .
(’b)(’ﬂ)[“ﬂ) in aluJoM odale notaliors

o (s !4 ) (/ ) (k,2)

Now (/h)(:ﬂ) (1h) = (Lh)=(hEL)EH

S, cH 4
as o WMFMd‘bM o2 <N



Exams Style Questions (4> %S $=Z e,)LS, A%, /L;A}

Question 4: Let H = (r3,r?s) < D1,. Give a list of the left cosets of H in D13, and

also give a list of all the right cosets of H in G. Are they same.
2l . e o alectiled o ford ol B b
% <M7 /’A > ’

L a5
‘45; Z/ é/u/p/;/ts,,s,u,,us’,/z)g,/z,gd )
(2= yRIA T | ¢A/£ 3
ontsy | (sseasad= BTG
s A(BVEA

y “yg 8"
(8’ (- (4= 42 sg B LSAS
44 g g A 8= ASAL 3
= . _ /L",J/fzzfdc’i/’rd/il



Exams Style Questions = & (4 YA (LL) = =€

Question 5: Let H = (r3,r?s) < G. Give a list of the left cosets of H in G, and also
give a list of all the right cosets of H in G. Are they same.

(A3 (4°8) = 244 /u
AT
/;’iu Sants = S8
- A784% = ATI(88) 4B
= £7(EA4S
= /:z 288
.,3}

3

13

\ \\



Exams Style Questions
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QMplus Quiz 3

Attempt Quiz 3 at QMplus page



Some Useful Notations

(Throughout this course, we use the following notation.
@ C, denotes the cyclic group of order n.

o Kilein group often symbolized by the letter V4 or as K4 = Z4 X Z4 denotes the
group {1, a, b, c}, with group operation given by

P =pr=c=1, ab=ba=c, ac=ca=b, bc=cb=a.

@ U, is the set of integers between 0 and n which are prime to n, with the group
operation being multiplication modulo n.




Some Useful Notations

@ Dy, is the group with 2n elements

1, r % .., Y os s, s, .., " ls

The group operation is determined by the relations r” = s> =1 and
sr=r""ls.

@ S, denotes the group of all permutations of {1,..., n}, with the group
operation being composition.

@ GL,(R) is the group of n x n invertible matrices with entries in R, with the
group operation being matrix multiplication.

e Qg is the group {1,—-1,/i,—i,j,—j, k,—k}, in which

P=P2=k>=-1, =k, jk=i, ki=], ji=—k, ki =—i, ik=—j.
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