The Module Theory of the 0-Hecke Algebra
of the Symmetric Group

Redacted

Abstract

We study the module theory of the 0-Hecke algebra as Fayers [3] did. We specialise
to the 0-Hecke algebra of the symmetric group, classifying its simple modules and
studying its projective and injective modules.
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1 Introduction

Let W be a Coxeter group. The 0-Hecke algebra 7o(W) of W over the field F can
be thought of as a ‘deformation’ of the group algebra F(W) in the following sense.
The generators {h;} of Ho(W) are in bijection with the generators of W, satisfying
the braid relations. But rather than the generators being involutions, they instead
satisfy the quadratic relation h? = —h;.

Norton [8] studied the 0-Hecke algebra Ho(W), studying its nilpotent radical,
classifying its irreducible representations and decomposing it into its irreducible
left ideals. Fayers [3] built on this work, presenting dualities and a correspondence
between the projective and injective modules. In this work, we will present the
results from [3], simplifying to the case where W is a symmetric group.

Any reader of this paper is assumed to have a good background in group and
ring theory. Hungerford [5] covers much more than we will need in Chapters 1,
2 and 3. We will assume any group and ring theory results from Hungerford [5]
without comment.

Since the reader is not assumed to be familiar with module theory, we start by
briefly introducing modules, following [5, Section 4]. When then briefly introduce
Coxeter groups, using S, as a case study. We study useful properties of S;;, follow-
ing [7, Section 1]. All results stated are from [7], except for the few general results
from [4, Section 5].

The final section studies the module theory of Ho(W) for the special case where W
is a symmetric group, classifying the simple and studying projective and injective
modules.

Throughout this paper, we will write f ¢ for the composition of two functions f
and g, omitting the o symbol.




2 Module Theory Page 2

2 Module Theory

2.1 Modules and Module Homomorphisms

Definition 2.1.1. Let R be a ring with unity. A left R-module is an abelian group
(M, +) with a function R x M — M, (v, m) + rm such that for all r,s € R and
m,n € M the following hold.

M1) r(m +n)=rm+rn.

M2) (r + s)m = rm + sm.

M3) r(sm) = (rs)m.

M4) 1gm = m.
If R is a division ring and M is a left R-module, then M is a left vector space.

From now on, unless stated otherwise, R denotes a general ring with unity.

A right R-module (vector space resp.) M is defined in a similar way to left R-
modules but with a function M x R — M, (m, r) — mr satisfying i)—iv) for right
multiplication. We will only consider left R-modules, and call them R-modules.

One notices that modules are "vector spaces over rings’, as opposed to the familiar
notion of a vector space over a field. So in particular, every vector space over a field
is a module of that field.

Since R is a group, we see that iii) and iv) define an action of R on M. So we
will sometimes refer to the function as an R-action. Note that we specified + as
the operation for M. However, we could just as easily have taken M to have any
operation o.

Example 2.1.1. R is always a module over itself, with the module action being regu-
lar left multiplication. This is known as the reqular representation. The trivial group
{0} is always an R-module with the module action given by r0 = 0 for all » € R.

The following familiar properties from ring theory carry through to modules. If
M is an R-module, and 051 and O are the additive identities of M and R respectively
then

rOym = O, 0,m = 0p, (-rym = —(rm) = r(-m).

forall r € Rand m € M.
From now on, we will denote 01, Or and the trivial module {0} all by 0.

Example 2.1.2. Any abelian group G can be made into a Z-module M by defining
a function R x M — M by

m+...+m ifn >0,
n times
(m,n)y—<{ —(m+...+m) ifn <0,
n times
0 otherwise.
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The reader may wish to verify that this really does define a Z-module.

Example 2.1.3. Let R be a ring and I an ideal of R. Then [ is an R-module with R-
action being regular multiplication. Also, R/I is an abelian group so can be made
into an R-module under the R-action r(s +I) = (rs) + L.

Since I is closed under multiplication in R, it is easy to see that is an R-module.
Moreover, since the R-action of R/I is essentially just multiplication in R, it is also
easy to see that R/I is an R-module, so we won’t formally prove it.

The above example gives a flavour of the importance of module theory, as both
ideals and quotient rings are modules. Thus, module theory combines results
about both ideals and quotient rings.

Example 2.1.4. Recall that R[x] is the polynomial ring of R. Let M = C%([a, b]) be
the set of continuous functions on [a, b]. This is an additive group. So we can make
M into an R[x]-module as follows. Letp = Zfzo a;x' € R[x] and f € M. Then
define the R[x]-actionby p - f = aof.

Note this is actually just scalar multiplication in disguise, and since M is a vector
space (so is compatible with scalar multiplication), it follows that M is an R[x]-
module.

Definition 2.1.2. Let M be an R-module and N € M. N is a submodule of M (de-
noted N < M) if N is an additive subgroup of M and rn € N for all r € R and
n € N. If R is a division ring, then any submodule of a vector space M is a subspace.

Example 2.1.5. If M is an R-module, then given any m € M, the set Rm = {rm |r €
R} is a submodule of M. We will give a proof of this in the next subsection.

Example 2.1.6. Let [ be an ideal of R. Recall that both R and I are R-modules.
Thus, I < R, by definition. So, in some sense, submodules generalise the notion of
an ideal.

If R is clear from the context, then we will simply say N is a submodule of M.

Definition 2.1.3. Let M and N be R-modules. A function ¢ : M — N is an R-
module homomorphism if
i) ¢(m + n) = ¢(m) + ¢(n) (¢ is a group homomorphism),
ii) p(rm) = r¢(m) (¢ is R-linear),
forallr e Rand m,n € N.
If ¢ is
i) injective, then ¢ is a monomorphism.
ii) surjective, then ¢ is a an epimorphism.
iii) bijective, then ¢ is an isomorphism.
From now on, we will simply call them homs. We will sometimes use embed-

ding to mean monomorphism and projection to mean epimorphism. We denote by
Homg(M, N) the set of all homs from M to N.

Definition 2.1.4. Let M be an R-module. The dual module of M is the R-module
M* := Homg(M, R).
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We usually just say that M* is the dual of M.

If M is a left R-module, then M* is naturally a right R-module. We can define the
R-action by fr : m — (f(m))r for all f € M* and m € M. Since f is a hom and
f(m)isin R, it follows that M* satisfies the module axioms under this action.

Similarly, if M is right R-module, then the dual of M is M* := Homg (M, R), which
is a left R-module. (See Hungerford [5, Chapter 5, Section 4] for a full proof.)

Definition 2.1.5. Let ¢ : M — N be a module hom. The kernel of ¢ is ker(¢) =
{m e M | ¢(m) = 0} and the image of ¢ is Im(¢p) = {p(m) | m € M}.

The Isomorphism Theorems for groups can be extended to modules in a natural
way. See [5, pp. 172-173] for the precise statement of each theorem. Similarly, a
module hom ¢ is an embedding if and only if ker(¢) = 0.

Theorem 2.1.1. (Hungerford [5, Theorem 1.6].) Let M be an R-module and N < M.
Then M /N is an R-module with the R-action given by r(m + N) = rm + N.

Proof. Firstly, since M is abelian, N is a normal subgroup of M, so M/N is well-
defined. Now, suppose m,m’ € M such that m + N = m’ + N. Then, by the
Coset Lemma, m — m’ € N, and since N < M, r(m — m’) € N, too. Therefore,
rm + N = rm’ + N again by the Coset Lemma. Thus, the R-action is well-defined,
and it follows that it satisfies the module axioms. m|

Definition 2.1.6. Let M1, ..., My be R-modules. The direct sum of M, ..., My is the
R-module
M1®...®Mk| =M X...X M

with addition given by
(my,...,mg)+(my, ..., m) = (my+my,... mg+mp),
and R-action given by
r(my,...,mg) = (rmy, ..., rmg).

It is not too difficult to show that M1 & - - - ® M really is an R-module. This is left
as an exercise to the reader.
Definition 2.1.7. Let M = M; @ - -- ® M. The canonical projection is the map =; :
@ M; — M, and the canonical injection is the map t; : M; — @ M;.

The reader is left to check the 7; and (; are mutually inverse homs.

Definition 2.1.8. Let {Mj, ..., M} be a family of submodules of an R-module M.
Then M is the direct sum of My, ..., My if

VM=M & - d My :={m+---+my|mi € M};

ii) MiNnM; =0foralli # j.

When considering submodules and sums of modules, we will restrict to the fi-
nite case, although this is done without loss of generality (for the purposes of this
paper).

Definition 2.1.9. Let F be a field. An F-algebra is a ring R satisfying the following.

i) (R, +) is a unitary F-module.

ii) A(rs) = (Ar)s = r(As) forall A e Fand r,s € R.
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2.2 Free Modules

Definition 2.2.1. Let N be a subset of an R-module M. The span of N, span(N), is
the intersection of all submodules of M which contain N. If S is such an intersection
then we say that N spans S or N is a spanning set for S.

The span of N is also called the submodule generated by N. If N is a singleton, then
the submodule generated by N is cyclic. More generally, M is finitely generated if it
is generated by a finite subset N.

Proposition 2.2.1. Let M be an R-module. If N = {my, ..., my} € M, then the span of
N is the set of all linear combinations of my, ..., my in R. That is,

span(N) = RN = {rymy + -+ rgmy | r; € R}.

Proof. Let us first show that span(N) is itself a submodule of M. Write span(N) =
M;i N ---N Mg, and let i range between 1 and k, so that N € M; < M. We start by
showing that span(N) is a subgroup, using the Subgroup Test.
S1. If m,n € span(N), then m, n € M;, som + n € M;, so m + n € span(N).
S2. 0 € M; for each i, so 0 € span(N).
S3. If m € span(N), then m € M;, so —m € M;, so —m € span(N).
Also, given r € R and m € span(N), rm € M;, so rm € span(N), thus span(N) is
closed under the R-action, whence span(N) < M.

We now show that RN is also a submodule of M. Again, we first show that RN
is a subgroup.
S1.If m = Zile rim;and n = Zle rim; in RN, then

k k
m+n:Zrimi+2r;mi:Z(ri+rlf)mi€RN.

k
i=1 j i

i=1 i=1

S2.0=0mq +...+0m € RN.
S3. For all m € RN as above, we claim —m = Zile(—ri)mi. Indeed,

k

k k k
m+(-m) = Z rim; + Z;(—Vi)mi = Z;("i - ri)m; = Z; Om; =0,
1= 1= 1=

i=1

and —m € RN since —r € R. Similarly, (-m) + m = 0.

Moreover, RN = r Zi-‘:l rim; = Zle(rri)mi € RN (as rr; € R), so RN is also
closed under the R-action, so RN < M.

Now, N € span(N), by definition of span(N). In particular, each m; € span(N) so
rm; € span(N) (as span(N) is closed under the R-action), and rmy + ... + rimy €
span(N) (as span(N) is an additive group). Thus, RN C span(N). Furthermore,
each m; € RN (To see this, let r; = 1and r; = O for all j # i.), so RN contains N.
Thus, we also have span(N) € RN. O
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In the proof, we took N to be finite, but we could just as well have taken N to be
infinite.

Letting N = {m} for some m in M, we see that the cyclic submodule generated
by N is Rm, as in Example 2.1.2, and that this really is a submodule of M.

Definition 2.2.2. Let M be an R-module, N = {my,...,m;} € M and m € M be
nonzero.
i) N is linearly independent if
k

Z rim; =0
i=1
implies r; = 0 for all i. Otherwise, N is linearly dependent.
ii) m is torsion-free if rm = 0 implies r = O for all € R. That is, {m} is linearly
independent as a subset of M.

Definition 2.2.3. Let M be an R-module. A basis for M is a subset of M which is
linearly independent and spans M. An R-module M is free if it has at least one basis.

Theorem 2.2.2. (Hungerford [5, Theorem 2.4].) Every vector space M over a division
ring has a basis and thus is free. In particular, M has a basis BB such that

ACBCC,
where A is linearly independent and C spans M.

Proof. The proof is beyond the scope of this work so we skip it. m|

Note that, in general, it's not true that every spanning set contains a basis.

To see this, suppose that M is cyclic with m as its generator, ie., {m} generates M.
If m is not torsion-free, then {m} is not linearly independent, and so is not a basis
for M.

Another example is Z as a module over itself. Consider the subset {2,3}. Then
this subset generates Z (See Numbers, Sets and Functions, Exercise Sheet 1.) but is
not linearly independent, since —6-2+4-3 = 0. Moreover, no subset of {2,3} spans
Z.

Lemma 2.2.3. (Hungerford [5, Lemma 2.3]) Let M be a free R-module. Any basis of
M is maximally linearly independent.

Proof. Let B = {m;y,..., my} be abasis for M. By maximally linearly independent,
we mean that for any m € M with m ¢ B, the set {m1, ..., my, m} is linearly depen-
dent. Indeed, given m € M not in B, write m = 1y, my + -+ + 1y, my with r,, € R
fori=1,...,k. Then

k k

k k
Z(_rmi)mi +1m = Z(_rm,')mi + Z T, Mi = Z(_rmi + rm,')mi =0,
i=1 i=1

i=1 i=1

so {my, ..., my, m} is linearly dependent since r¢+1 =1 # 0. O
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Theorem 2.2.4. (Hungerford [5, Theorem 2.7].) Let M be a free vector space over a
division ring with basis B. Then every other basis of M has cardinality |B|. If B is infinite,
then every other basis is also infinite.

Proof. The proof of the theorem is standard so we skip it. It is easy to prove using
the preceding lemma. m|

In view of this theorem, we make the following definition.
Definition 2.2.4. Let M be a free vector space over a division ring R. The dimension

dimg(M) of M over R is the cardinality of any basis of M.

2.3 Sequences of Module Homomorphisms

Definition 2.3.1. A sequence of module homs K ﬂ L i M is exact if Im(¢) =

ker(y).

In the sequel, we will simply say ‘exact sequence of modules’ to mean “exact se-
quence of module homs’.

Example 2.3.1. Let M and N be R-modules. Then the sequence

0—>Mi>N

is exact if and only if ¢ is an embedding. This is because the unique map 0 — M
has image 0, so we require ker(¢p) = 0. That is, ¢ must be injective. Similarly,

MES N0

is exact if and only if ¢ is a projection. Reversing the above argument, the kernel
of the unique map N — 0is all of N, so we require Im(¢) = N; that is, ¢ must be
projective.

2.4 Projective and Injective Modules

Definition 2.4.1. An R-module P is projective if, given any exact sequence

MﬂN—>O

and hom ¢ : P — N, there exists a hom x : P — M such that ¢ = ¢ x.

This can be drawn in a commutative diagram, that is, the arrows commute, as
follows.
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Recall from Example 2.3.1 that ¢ is a projection. So P is projective if, given any
hom ¢ : P — N and projection i) : M — N, there exists a hom y : P — M such

that p = ¢ x.
Theorem 2.4.1. (Hungerford [5, Theorem 3.2].) Every free module is projective.

Proof. Let P be a free module with basis B = {p1, ..., pn}. Suppose we are given
the following diagram

P
f)
M-y N—30

where ¢ is an epimorphism. For each p; € B, ¢(p;) € N. Since ¢ is an epimor-
phism, there exist m; € M for each p; € B such that {(m;) = ¢(p;).

Since P is free, the map ¢ : B — M given by {(p;) = m; can be extended to a hom
as follows. Writep € Pasp = Zle rip; and define x(p) = Zle i X(pi). The map is
well-defined since, if p = 1, s;p; also, then Y7, ripi— X1, sipi = 2y (ri—si)pi =
0. The reader is left to check that y is really a hom.

Consequently, P(x(pi)) = ¢(p;i) for all i, so Py = ¢ : P — N, whence P is
projective. O

Example 2.4.1. By Theorems 2.2.2 and 2.4.1, every vector space over a division ring
is projective.

Theorem 2.4.2. (Hungerford [5, Proposition 3.8].) Let P be a projective R-module. If
P =P1 @ ® Py, then each P; is projective forall 1 < i < k.

Proof. LetP = P1®---® Py be projective. Let 7; and (; be the canonical projections
and injections respectively. Suppose we are given the following diagram

P

1

P;
lﬁb
M—5N—>0
with ¢ epimorphic. Since P is projective, there isa hom y : P — M such ¢y =
¢omi. Let y = ¢;sothat px = Py o = ¢ omot; = ¢p. Therefore, P; is projective

for all 7. O

Definition 2.4.2. An R-module [ is injective if, given any exact sequence

0—>MiN

and hom ¢ : M — I, there exists a hom y : N — I such that ¢ = y o 1.
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This can also be drawn in a commutative diagram, as follows.

I
T

0 — M — N

One notices that in the commutative diagrams for projective and injective mod-
ules, the arrows are reversed (with M and N switched for ease of notation). More-
over, | is, in this case, an embedding, again by Example 2.4.1. This is known as du-
alisation. This means, in particular, that projective and injective modules are dual.
That is, P is projective if and only if P* is injective and P is injective if and only if P*
is projective.

This generalises to injectivity and surjectivity; there exists a surjection from a set
A to a set B if and only if there exists an injection from B to A, and vice versa.

Proposition 2.4.3. (Hungerford [5, Proposition 3.7]) Let I be an injective R-module.
Ifl=11®--- @ I, then each I; is injective for all 1 < i < k.

Proof. The result follows from carefully dualising the proof of Theorem 2.4.2. O

Example 2.4.2. Consider R? as an R-module with the standard basis {e1, e2}. Write
(e1) for the span of e1. Then {e1) is an injective R-module since (e1) ® (e2) = R? and
(e1) N{e2) = 0.

2.5 Projective Covers and Injective Hulls

Definition 2.5.1. Let M be an R-module. N is a superfluous submodule of M if, given
any submodule L of M,
L+N=M=L=M.

Example 2.5.1. The trivial module 0 is a superfluous submodule of any R-module.

Definition 2.5.2. Let M and N be an R-modules. A superfluous epimorphism of M is
a surjection ¢ : M — N such that ker(¢) is a superfluous submodule of M.

Example 2.5.2. Any module isomorphism ¢ : M — N is a superfluous epimor-
phism since ¢ is necessarily an epimorphism and ker(¢) = 0, as ¢ is injective, so
ker(¢) is a superfluous submodule of N.

Definition 2.5.3. A projective cover of an R-module M is a pair (P, ¢), where P is
projective and ¢ : P — M is a superfluous epimorphism of P.

By Benson [1, page 9] the projective cover is unique up to isomorphism. We will
write P(M) to denote the projective cover of M in the future.

We require ¢ to be superfluous so that P is the ‘smallest’ projective module which
covers M, in the sense that no proper submodule Q of P would cover M. This is
because superfluity of ¢ means, informally, that ¢ is only surjective on P, and isn’t
surjective when restricted to any submodule of P.
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Example 2.5.3. Suppose M is free and M = N as modules under ¢. Then N is
projective by Theorem 2.4.1 and ¢ is a superfluous isomorphism as in Example
2.5.2,50 (N, ¢) is a projective cover of M.

Definition 2.5.4. Let M be an R-module. N is an essential submodule of M if, given
any submodule L of M,
LNN=0=L=0.

We also say M is an essential extension of N.

The idea of superfluous and essential submodules is that superfluous submod-
ules are ‘small” submodules of M whilst essential submodules are ‘big” submodules
of M.

Example 2.5.4. Any R-module M is an essential submodule of itself.

Definition 2.5.5. Let M be an R-module. I = I(M) is the injective hull of M if M is
an essential submodule of I and I is injective.

Every module has an injective hull, since every module may be embedded into an
injective module. However, a projective cover may not always exist for a module.

2.6 Simple Modules

Definition 2.6.1. Let M be an R-module. Then M is simple if its only submodules
are 0 and M.

Definition 2.6.2. Let M be an R-module. A composition series of M is a series of
submodules
M=My>...>M;=0

such that M;/M;. is simple for all 7.

Similar to the Isomorphism Theorems, the Jordan-Holder Theorem also holds for
composition series of modules. Therefore, any two composition series of M have
the same length and same factors, up to isomorphism and reordering.

Proposition 2.6.1. Let M and M’ be R-modules and N < M. If M and M’ have compo-
sition series, then so do M /N and M & M’.

Proof. We use an argument from Rotman [9] and [12].
Let
M=My>...>M=0

and
M =Mj>...>M;=0

be composition series for M and M’ respectively. Then we can explicitly construct
the following composition series for M & M’

MeM >MeM >...>MoeM >M oM >..MydM;>0&0.
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Note that under the canonical projection 7, M’ = 0 ® M’ = ker(n), so M; = (M; &
M’)/M’. Thus, there exist quotient maps M; ® M’ — M; — M;/M;,1 which are
all epimorphisms. One can check that M;;1 is in the kernel of the composition,
whence (M; ® M’)/(M;j+1 @ M’) = M;/M;;1 for each i. Therefore, it follows that
each (M; & M’)/(M;+1 & M’) is simple.

Now, let Mg = M/N and fori=1,...,k,let M; = {m + N | m € M;}. Then

M/N=My>...>M;=0

is a series of M /N (since each M; is abelian). The quotient maps M; — M; —
M; /M1 are epimorphisms, and since M;;; is in the kernel of the composition,
M; /M1 = M;/M;i1. Thus, each M;/M;, is simple. O

Definition 2.6.3. Let M be an R-module and {Nj, ..., N} be a complete collection
of its simple submodules. The socle of M is the R-module

soc(M) =N; & --- & Ng.
Lemma 2.6.2. Every simple module is the socle of its injective hull.

Proof. We use an argument from [11].

Let M be a simple module and I = I(M). Then, in particular, M is an essential
submodule of I. So given any non-trivial | < I, we have M N | # 0. But we showed
in Proposition 2.2.1 that the intersection of submodules is itself a submodule. We
also have M N ] < M < I. Thus, since M is simple, this implies M N ] = M; that is,
M is contained in J. This means, in particular, that M is the only simple submodule
of I. Therefore, soc(I) = M. O

Theorem 2.6.3. Let M be a nontrivial R-module. Then M is simple if and only if M is a
cyclic module with any nonzero element as its generator.

Proof. First suppose M is simple. Let m € M be nonzero and consider Rm. Then
Rm is a cyclic submodule of M, by Proposition 2.2.1. Since M is simple, we must
have Rm =0 or Rm = M. Since m # 0, Rm # 0 (as m = 1m € Rm), so Rm = M.
Now assume M is a cyclic module with any nonzero element as its generator. Let
N be a nonzero submodule of M and let m € N be nonzero. Then, since N is a
submodule of M, it follows that rm € N for all € R and m € N. Therefore,

Rm C N C M.

But, by assumption, m generates M. Thus, Rm = M so N = M. ]
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3 Special Properties of S,

In this section, we will introduce some important properties of S, which will be
useful when studying the 0-Hecke Algebra. First, let us reintroduce Sj,.

3.1 &, as a Coxeter Group

Definition 3.1.1. The symmetric group of order n is the group S, generated by the
set S = {s1,...,84-1} such that (s;s;)"7 = e for all s;,5; € S, where m;; = 1 and
mij = mj; forall j # i.

Let’s see how this coincides with the familiar definition of S,,.

The symmetric group S, is generated by n — 1 transpositions sy, . .., s,-1, where
s; = (i i + 1), each with order 2 (so they are involutions). This is because any
transposition (i j) can be written as

(i j) =SiSit1..-5j-1...5i+15i,

and any element can be written as a product of transpositions.

Furthermore, if 1 < i # j < n — 1, then each product s;s; of the transpositions
s; and s; has order 3 if s;s; is a 3-cycle, and order 2 otherwise. Moreover, s;s; is a
3-cycle only if s;s; is a 3-cycle, and if not, then s;s; = s;s;.

Any group which satisfies Definition 2.1.1 is called a Coxeter group. Some familiar
examples are the Klein four-group and the dihedral group of order n. We are only
interested in S, as a Coxeter group. Throughout this chapter, we will introduce
properties of S, which are general properties of all Coxeter groups.

See Humphreys [4, Section 5] for a general discussion on Coxeter Groups.

3.2 The Length Function

From now on, W = S,y and S = {s1,...,5, | si = (i i + 1)}. (This simply means
that W is generated by n elements rather than n —1.)
Recall that the subgroup generated by S is the set (s1,...,s,) of all products of
elements from
{s{*’l, ... ,s,fl} .

Since the s;’s generate W, (s1, ..., s,) = W and since s;* = s;, each element w € W
can be written as a product w = s,, ---s,, of possibly non-distinct elements in S.
We are interested in the case where i is minimal.

1

Definition 3.2.1. Let w € W and write w = s;, - - - 5,, with k minimal.

i) The length of w is k.

ii) The expression s,, - - - s, is a reduced expression for w.

iii) The length function of W is the function £ : W — N which maps w — k if
Sy, - - Sy, is a reduced expression for w.

Example 3.2.1. In W, the identity element e has length 0 as it is the product of no
generators, and any s; € S has length 1.
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Example 3.2.2. Consider S with the usual generating set. Letw = (1 5)(2 3 4) € Ss.
Then a reduced expression for w is

w=(12)(23)(34)(45)(43)32)21)23)(3st4),
so £(w) = 9.

Lemma 3.2.1. (Humphreys, [4, p. 108].) Let ¢ be the length function on W. Let w and
w’ be any elements in W and let s; be any generator in S. Then

i) € (w™) = t(w).

i) {(w) =1 w=s;.

iii) {(ww’) < L(w) + £(w’).

iv) L(ww’) = {(w) — (w').

v) L(w) — 1 < L(s;w) < €(w) + 1.

Proof. Letw,w’ € Wands; €S.

i) Suppose a reduced expression for w is w = sy, ++-sy,. Then, w™ = s, -5,
and ¢ (w™) < £(w). Now, suppose a reduced expression for w™ is s, -+ sy, sO
W =y, -+ Sp. Then £(w) < € (w™?).

ii) Trivial.

iii) Let w = 54 -5, and w’ = Sty ---s;l be reduced expressions for w and w’
respectively. Then {(w) = k and {(w’) = [. Also, sy, - -~ sy,s;, - - 5}, is an expression
for ww’ with k + [ factors. Thus,

’
"

L(ww') <k+1=£80w)+ E(w).
iv) We have
t(w) = L(ww' (W)Y < L(ww') + (W),

S0
{(w) — L(w') < L(ww’).

v) Simply combine iii) and iv) to conclude

l(w) —1=C0(w)—£(s;) < L(s;w) < L(w) + €(s;) = C(w) + 1. O

Corollary 3.2.2. (Humphreys [4, p. 108].) The 'sign” homomorphism ¢sign | W —
{1, -1}, which sends even permutations to 1 and odd permutations to =1, is given by
d(w) = (=1)"@ for all w € W. Thus, {(s;w) = {(w) + 1 forany s; € S.

Proof. Each generator s; is odd, and €(s;) = 1. Thus,

(sign(si) = =1 = (=1)! = (=1)/.
Now, given any w € W, let s, - - - s,, be a reduced expression for w (so {(w) = k).
Then
qbsign(w) = ¢sign(srl) ce (Psign(srk) = (_1)k = (_1){’(711)'
Moreover, Qbsign(siw) = (Psign(si)qbsign(w) = _(;bsign(w) imphes t(siw) # t(w), so it
follows from Lemma 2.2.1 v) that £(s;w) = £(w) + 1. The same clearly holds for
L(ws;). O
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Proposition 3.2.3. (Fayers [3, Lemma 2.3].) There exists a unique wo € W such that
E(wo) = €(w) for all w € W. Moreover,

L(wow) = L(wg) — £(w) = L(wwy).
In particular, wq is an involution.

We claim that wo = (1 n)(2 (n — 1))...(Ln/2] [n/2] + 1). Note wy is a product
of |n/2] disjoint transpositions and can be written with @ generating trans-
positions. In order to show that wy is the longest element in W, we require some
results which are proven in the next section, so we will delay the proof until then.

However, note that wy is an involution, by construction.

Lemma 3.2.4. (Fayers [3, Proposition 2.4].) The conjugation action of wg on S, is
given by wos;wy = S,—;.

Proof. Denote by wy - s; the conjugation action of wy on S,.

We have wg = (1 n)(2 (n —1))...(Ln/2] [n/2] + 1). Notice, firstly, from how wy
was constructed, that (k I) is a disjoint cycle of wy if and only if k + 1 = n + 1. Also,
ifi # kand [ # i+ 1, then wy - s; fixes k and /, since (k I) appears twice in wy - s;,
sowg-s;|k+— I~k and ! — k + k. Finally, since wy - s; is a transposition, it
transposes two (and only two) numbers. So if we find two numbers which wy - s;
doesn’t fix, then we have found wy - s;,

Now, forall1l < i < n -1, wp-s; transposes n — i and n — i + 1. This is because
(i(n—i+1))and ((i + 1) (n — 7)) are disjoint cycles of wy, since i +(n —i+1) =n+1
and (i+1)+(n —i)=n+1. Also,

wo-Sin—i+l—i—i+l—n—1i

n—i—i+l—>i—n—i+1

sowg-si=((n—-i)(n—i+1))=s,_i. O

3.3 The Strong Exchange Condition

In this section, we will state and prove the Strong Exchange Condition. But before
we can do that, we must introduce some preliminary ideas. We will proceed as
Mathas did in [7, Section 1], and so all proofs are adapted from him.

Throughout this section, T = {ws iw | w e W, s; € S} is the set of transpositions
inW.

Definition 3.3.1. Let w € W and denote by P(W) the power set of W. The reflection
cocycle of W is the function N : W — P(W) given by

N(w) = {(i j) e Wi < j,w(i) > w(j)}.

Example 3.3.1. N(e) = 0 and N(s;) = {s;}, since, for each i, s;(i) = i + 1 and
si(i +1) =i, and s; fixes every other j # 7,7 + 1.
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Lemma 3.3.1. (Mathas [7, Lemma 1.2].) Let v, w € W and denote by A the symmetric
difference of sets. Then N(vw) = N(v) A vN(w)v~!.

Proof. We proceed by induction on £(v).

Let {(v) =1,s0v =s; € S,and let w = (j k) € W. Then we claim that s;(j k)s; =
(si(j) si(k)). This is trivially true if i # j, k # i + 1 or (j k) = s;, since s;ws; = w and
s; either fixes both j and k or transposes them.

If j=i,k#i+1then

si(jK)si| i i+1rsi
i+l—i=j—k
k—=j=im—i+l,
so si(j k)si = si(i k)s; = (i +1 k) = (si(i) si(k)). Similarly, if j # i,k =i+1,
then s;ws; = (j i) = (si(j) si(k)). So the claim holds in each case, therefore, the
hypothesis is true for the base case.

Now suppose €(v) > 1 and that the induction hypothesis holds for all integers
£(u) < €(v). Since £(v) > 1, it follows that v = s;u where s; € S and u € W with
t(u) = €(v) — 1. We can find such a u by letting s; = s,, where s,, - --s,, is some
reduced expression for v. In particular, N(v) = N(s;u) = N(s;) A s;N(u)s;, so

N(vw) = N(sjuw) = N(s;j(uw)) = N(s;) A siN(uw)s;
= N(s;) As;N(u)s; As;uN(w)u's;
= N(v) As;uN(w)(s;u)™"
= N(v) AoN(w)o~t. O
Proposition 3.3.2. (Mathas [7, Proposition 1.3].) Let w € W. Then

i) {(w) = |N(w)]|.
ii) N(w) = {t € T | €(tw) < (w)}.

Proof. Letw € W.

i) Let s, ---s,, be a reduced expression for w. For each1 < i < k, lett; =
Sy, ***Sr,_15r5r, - Sr,- Recall we showed that t; is a transposition at the beginning
of this section. Then, by Lemma 3.3.1,

N(ZU) = N(sl’l "‘Srk)
= N(Srl) A SY1N(ST’2 tet Srk)5r1
= N(sy,) Asr (N(Sr,) AsryN(Spy -+ 57,)Sr,)57,-

Repeatedly iterating this process, we get
N(w)={t:} A--- A{ti},

since N(s;) = {s;} for each s;, and so conjugating N(s;) by some s; means simply
conjugating s; by s;, which gives some transposition ¢;.
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We claim that t; # t; if i # j. If not, then, for some 1 <i < j <k, we have t; = t;.
Also,

tiw = srl oo SV{-] srisri—l e 571571 . e SVk

=Sr S Sria Sy

since sy, - - - Sy, is a sub-expression of a reduced expression for w, so all of these fac-
tors cancel out. Similarly, t;jw = s, --- 35, ;S where the hat denotes the omission
of that element. Therefore,

w = tit]-w = Sr  Sriy 5SSy SrSr Tt SrSrSriy S W

:Srl...sri...sr]_...srk

implying ¢(w) < k. Thisis a contradiction, so each ¢; is distinct, so N(w) = {t1, ..., fx}
and |[N(w)| = k = €(w).

ii) Note firstly that t € N(¢) for all t € T. To see this, write t = (i j) so thati < j.
But f(i) = j > i =t(j),sot € N(¢t).

Now, let N(w) = {t1, ..., tx} asin the proof of i). We proved thatt;w = s,, 8y sy
for each tj, whence £(tjw) < ¢(w). Thus, N(w) € {t € T | {(tw) < {(w)}. On the
other hand, let t € T with t ¢ N(w). By Lemma 3.3.1, N(tw) = N(¢) A tN(w)t. We
know t € N(t), and by supposition, f ¢ N(w), so t ¢ tN(w)t. Thus, t € N(tw) C
{t e T| {(ttw) < £(tw)}. Therefore, {(ttw) = £(w) < (tw). O

We can now prove Lemma 3.2.2.

Proof (of Lemma 3.2.2). Recall that wo = (1 n)(2 (n —1))...(Ln/2] [n/2] + 1).
To prove the first part, we use an argument from [10]. Note that there are @

pairs (i j) € W with i < j. There are n — 1 pairs (1 2),(1 3),...(1 n),n — 2 pairs
(23),(24)...(2 n), ..., and one pair (n — 1 n). Summing all of these gives

m-D+n-2)+---+1= ) k=

Thus for any w € W, we have N := n(nT_l) > {(w) = |N(w)|, as there are at most
N pairs (i j) with w(i) > w(j). Since wy has exactly N such pairs (in its reduced
expression), it follows that €(wg) = N. In particular, £(wg) > €(w) forallw € W.

Now, ¢{(wwg) > €(w)o) — I(w), by Lemma 3.2.1. So we require to show that
t(wwy) < L(wo) — €(w). We will do so by induction on £(wg) — ¢(w), using an
argument from [2]. Letw € W.

If {(w) = €(wy), then w = wy, so {(wwyp) = £(e) = 0. (This holds, in particular, for
wy 1, whence wy is an involution.)

Now suppose £(w) < £(wp). Choose some s; € S and let w’ = s;w such that
f(w’) > £(w). In particular, £{(w’) = €(w) + 1. We can do this since {(w) is not
maximal, so we can increase it. So, £(wg) — £(w’) < {(wy) — {(w), thus the induction
hypothesis holds for £(wg) — €(w’). That is, {(w'wg) = £(wo) — £(w’). Moreover,
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L(wwp) = €(sisiwwg) = L(siw’wp) < {(w’wp) + 1. Therefore,

L(wwg) < €(w'wo) +1 = €(wp) — £(w’) + 1
= {(wy) — (L(w)+1)+1
= l(wg) — C(w).

Finally, noting that w='wy = (wow)~!, we have
L(wow) = L(w ™ wo) = E(wp) — E(w™) = €(wp) — €(w). O
We are now ready to introduce the Strong Exchange Condition.

Theorem 3.3.3. (Strong Exchange Condition.) Let w = s;, - - - s, be a reduced expres-
sion for w. If t € T satisfies {(tw) < £(w), then there exists an i with 1 < i < k such
that

tw :Srl...é\rv...srk,

i

where §,, denotes the omission of s,,. Furthermore, t = t; (as in Proposition 3.3.2), and if
the expression for w is reduced, then i is unique.

Proof. For1 < i < k, let t; be as in the proof of Proposition 3.3.2. Then N(w) =
{t:1} A--- A{ty} by Lemma 3.3.1 and t € N(w) by Proposition 3.3.2 ii). Recall we
showed that N(w) = {t1,...,tt}, so t = t; for some i. We also showed that, in this
case, tjw =S, -+ 8, - -+ Sy, and that the omitted s,, is unique. O

Corollary 3.3.4. Mathas [7, Corollary 1.7] Let w € W and s; € S. Then £(s;w) < {(w)
if and only if w has a reduced expression starting with s;.

Proof. Suppose {(s;w) < €(w) and let s, ---s, be a reduced expression for w.
Then s;w = sis;, -+~ §rj .-+ 5y, for some j, using the Strong Exchange Condition, so
W = SiSy, *+* Sy, -+ Sy, which is reduced as it has length k. The converse is easy to
prove and left to the reader. ]

The last two results listed will be important in the next section.

Theorem 3.3.5. (Matsumoto’s Theorem.) Two expressions s,, -+ sy and s, ---s, are
both reduced expressions for some w € W if and only if one can be transformed into the
other using only the braid relations.

Proof. See Mathas [7, pp. 4-5]. o
Lemma 3.3.6. Let w € W and s;,s; € S such that s; and s; commute. Then {(sjw) >
t(w) and {(s;sjw) = {(w) and if and only €(s;w) < €(w) and {(sjs;w) = £(w).
Proof. Firstly, if {(s;sjw) < {(sjw), then s; € N(sjw), by Proposition 3.3.2. Now,
consider N(w). We have

N(w) = N(sjsjw) = N(sj) AsjN(sjw)s; = {s;j} AsjN(sjw)s;,

by Lemma 3.3.1. Since s; € N(sjw), sjsis; € sjN(sjw)s;j, so s;s;s; € N(w) because
sjsisj ¢ {sj}. Buts; and s; commute, so s;s; = sjs;. Therefore, s;s;s; = (s]-)zsi =
si € N(w), and if £(s;sjw) = €(w), then {(sjs;w) = {(w) since s;5;w = s;s;w. The
converse follows from reversing the preceding arguments. o
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4 The Module Theory of the 0-Hecke Algebra

4.1 The 0-Hecke Algebra

Definition 4.1.1. Let F be a field. The 0-Hecke algebra Ho(W) is the associative F-
algebra with generators h1, . .., h, satisfying the following relations.

i) (hi)* = —h;.

ii) hihj = h,‘hl‘ for all j#i+1.

iii) hihiv1hi = hivihihiz.

From now on, we will write H for Ho(W). H is part of a larger family of algebras
called Iwahori-Hecke algebras. See [6] for a general discussion on Iwahori-Hecke
algebras.

Note that the generators of H are in bijection with the generators of W. For any
w € W, lets,, ---s, be areduced expression for w. Define hy, = hy ---hy . By
Matsumoto’s Theorem, this is well-defined as it’s independent of the reduced ex-
pression for w. If w = e, then hy, = 1.

Theorem 4.1.1. (Fayers [3, Theorem 2.1].) Let w € W and s; € S. Then hs; = h; and

hs,w  if £(siw) > €(w)),
hihy, =
—hy if E(siw) < £(w)).

Moreover, as an F-module, H has a basis {h,, | w € W}.

Proof. Clearly, hs, = h;, by definition.
Now, suppose £(s;w) > £(w). Then {(s;w) = £(w) + 1, 50 s;s;, - - - 54, is a reduced
expression for s;w and

how = hglyy -+ iy, = hilty, -+ iy = hihyy.

And if £(s;w) < £(w), then s;---s,, is a reduced expression for w by Corollary
3.34,s0 hy = hj---hy,. Thus, using s; - - - s, as the reduced expression for w, we
have

hihy = hsihw = hs,-hs,- T hrk = (hs,‘)z T hrk = _hs,' te hrk = —hy.

Now, recall that the /s and s’s are in bijection. So given any i € H, we can write
it minimally as h = hy, ---h;, = hsr1 "'hSVk = hy wherew € Wand s, ---s,, is a
reduced expression for this w. Thus, it follows that & = hy, and so {h, | w € W}
spans H.

Now, suppose R is an F-algebra with basis {e;, |w € W}. Using an argument from
Mathas [7, Theorem 1.13], we shall show that Homg(R, R) admits a subalgebra
R generated by elements which satisfy i), ii) and iii) from Definition 4.1.1. Let
91,..., 9, € Homg(R, R) be given by

Cs;w if £(s;w) > £(w),
Vilew) =
—ey if €(sijw) < €(w),
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forall 1 < i < n. We claim that R = H.
Firstly, suppose €(s;w) > €£(w) (so £(si(siw)) < €(s;jw)). Then

Si(\gi(ew)) = Si(esiw) = —€s;w-
And if £(s;w) < €(w), then
Si(Vilew)) = Si(—ew) = ew.

So, overall,
—es,  if L(siw) > E(w),
di(Silew)) =
ew if L(sjw) < L(w),

from which it follows that S% =-9;.

Now, let us show that 9;9; = §;9; for j # i £1, and we leave showing §;9;,19; =
Vi4+19;9i41 to the reader. (Note that s;s; = s;s; in this case.) Either £(s;s;w) = {(w)
or £(sisjw) = £(w) + 2. Let us list the all cases for §;(9;(e,)) and 9;(3;(ew)).

First, suppose £(sjw) > {(w). Then

es;s;w  if (sisjw) > E(sjw),
Vi(9j(ew)) =
—esw  if O(sisjw) < {(sjw).

Second, suppose £(sjw) < £(w). Then

—es;w  if £(sisjw) > €(sjw),
di(dj(ew)) =
ey if é’(sisjw) < f(S]‘w).

Now suppose €(s;w) > {(w). Then

es;siw  if L(sjsiw) > €(siw),
Sj(si(ew)) =
—es;w  if C(sjsiw) < £(siw).

Finally, if £(s;w) < €(w), then

—es;w if £(sjsiw) > L(s;w),
Vi(dj(ew)) =
ew  if O(sjsiw) < €(sjw).

If £(sisjw) = £(w) + 2, then £(sjw) > £(w) and {(s;sjw) > €(sjw), so 9;(Y(ew)) =
es;5;v- And since sis; = sjs;, we have t(sjsiw) = t(w) + 2, so £(s;w) > £(w) and
{(sjsiw) > L(siw), whence 9;(Si(ew)) = 55,0 = €s,5;0 = i(dj(ew)).

Similarly, if £(s;sjw) = {(w) — 2, then 9;(9(ew)) = Si(—ew) = ew = 9;(Ji(ew)).
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If £(sisjw) = €(w), then assume first that £(sjw) > £(w). By Lemma 3.3.6, this
implies £(s;w) < {(w) and {(sjs;w) = {(w). Therefore, {(s;sjw) < {(sjw) and
t(sjsiw) > {(siw), so

Si(‘gj(ew)) = Si(esjw) = 5w = Sj(_ew) = Sj(si(ew))'

Similarly, if £(sjw) < £(w), then, by Lemma 3.3.6, £(s;w) > €(w). Thus applying the
same argument, we also have 9;(9;(ey)) = 9;(3i(ew)).

So R and H are generated by elements both satisfying the same defining relations,
so there is a surjective algebra hom © : # — R given by ©(h;) = 9;. Furthermore,
given w € W with reduced expression s, - --sy,, define 8, = 9, ---9,,. Then
O(hw) = Ju. (By Matsumoto’s Theorem, this is independent of the reduced ex-
pression for W.) Observe that 9y(e.) = 9, -+ 9, (e.) = 9y, "'Srm(@srk) =...=
€s, -5, = -

We are now able to show that {/,, |w € W} is a linearly independent set. Suppose
h =3 pew Awhw =0, where Ay, € E. Then 8(h) = Y e Awdw = 0inR. Therefore,

inR,
Z Awew = Z Awdw(e)=0

weW weW

Since {ey, | w € W} is a basis for R, we must have A, = 0forallw € W, so {hy |w €
W} is a linearly independent set, and so a basis for H. This also implies that ® is
an isomorphism, as it implies ker(®) = 0. o

Corollary 4.1.2. (Norton [8, Corollary 1.4].) Let w,w’ € W. Then
i) hyhyy = thye for some w” € W with £(w”) > £(w’).
ii) hyhy = hyy if and only if C(ww’) = {(w) + £(w’).
7 be

Proof. Letw,w’ € W. Lets,, --- s, be areduced expression for w and s;, - - - Sy,

a reduced expression for w’.
i) Then
hwhyw =h

By Theorem 4.1.1, multiplying h» by any I, on the left either equals £, « or —hy.
In particular, multiplying /i, on the left by a generator can’t decrease the length of
w’. Thus, doing this for each s,, in the reduced expression for w, we have hy,hyy =
+hyr, with £(w”) = £(w’).

ii) First suppose {(ww’) = £(w) + £(w’). Then since {(ww’) = k + 1, it follows that

Sry " Sr Sy, -+ - Sy, is a reduced expression for ww’, so

~hs, hy

Srp : Sre

hww =hs, -+ h hr- ~he = hyhy.

Sy : Sry Sy
Now suppose hyhy = hyy. Then

hww’ = hs,1 T hsrk hs,1 hs§1

This implies that s;, - -- s, s}, -+ - 57, is a reduced expression for ww’, so {(ww’) =

k+1=¢w)+(w). O
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We can now give an example of a 0-Hecke algebra using Theorem 4.1.1.

Example 4.1.1. LetF = Z/2Zand W = S,. Note that W is generated by (1 2). Write 1
and h for the basis elements of #(W). Then H(W) = {0,1, h, 1+h}. We are working
in characteristic 2, whence 2h = 2(1 + h) = 0. Moreover, —1g = 1, so h*> = —h = h.
and (1 + h)? =12+ h? = 1 + h. (Note this makes H(W) a boolean algebra.) Thus,
the addition table for H(W) is

+ 0 1 h 1+h

0 0 1 h 1+h

1 1 0 1+h h

h h 1+h 0 1
1+h | 1+h h 1 0

and the multiplication table is

: 0 1 h 1+h

0 0 0 0 0

1 0 1 h 1+h

h 0 h h 0
1+h 0 1+h 0 1+h

4.2 Simple H-Modules
Define the following order on the elements of W:
e<w]... < WN-1 £ WN = Wy,

where N = (n+1)! = 1. If w; and w j have the same length, then write them in any
order. Write w > w’ Let hy := 1 = h, and rewrite the basisof H as {h; |0 < i < N}
in bijection with the elements of W. Note, in particular, that /1, ..., h, are still the
generators of H.

Lemma 4.2.1. (Norton [8, Section 2].) Let My = H and for 1 < i < N, define M; to
be the F-module with basis {h; | j > i}. Then each M; is an H-module.

Proof. It suffices to show that each M; is a left ideal of H.

Leth € Hand h; € M;. Write h = Aghg + ... + Axyhy. We must show that
hh; € M;. Fix some j such that 0 < j < N. Then by Corollary 4.1.2, hjh; = £h with
k > i. Thus, +h;h; is a basis element of M;, and so Ahjh; is an element of M;. Thus,
hh; = Aghoh; + -+ + ANhnh;i € M;, whence M; is an ideal of . O

Theorem 4.2.2. (Fayers [3, Theorem 2.2].) For each subset | of {1, ..., n}, let My be the
‘H-module with basis {h} and H-action given by

- ifjel,
0 ifj¢]
Then {Mj|] € {1,...,n}} is a complete set of simple H-modules.

hih =
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Proof. We will follow Norton's proof from [8, Section 3].
From Lemma 4.2.1, we have the following series of H-ideals:

H=Mo>2M;>...2My=hnyH =0.

This is a natural composition series of %, and so each M;/M;1 is a one-dimensional
‘H-module. Therefore, by Theorem 2.6.2, these are simple modules. In fact, these
are all of the simple H-modules.

To see this, let M be a finitely generated -module with m generators. Then there
exists a projection ¢ : H¥ — M, so M is (isomorphic to) a quotient module of H".
This is because H¥ /ker(¢) = M, by the First Isomorphism Theorem.

But from the given composition series of 7, by Proposition 2.6.1, we can produce
a composition series of H" with the same property. Similarly, this induces a com-
position series of its quotient module M, which will, again, have the same property
as the composition series of #™. This shows that M can’t be simple unless it’s one-
dimensional.

Now, each M;/M;;1 has a 1-dimensional basis {hw]. + M1} = [hwj]. The H-
action is given by hs,[hw,;] = [hs;hw;], by Theorem 2.1.1. And by Theorem 3.1.1,
hs,.hwj equals either hs,w]. or —hw/. But hsiw]. € M1, so in this case, [hsihwl,] =[0] =
0 € M;i/Mix1. Thus, overall, ks, [y, ] = 0 or hs hy; = —[hy, ]

We must show that this action and the #H-action from the theorem are equivalent.
Forany | € {1,...,n}, let W} be the subgroup of W generated by S; := {s; | j €
J} € S. Let wy, be the unique longest element in W(J). For such a wy,, we have
{i € {1,...,n} |siwn, < wn;} = ]. Thatis, if wy, generates a simple module,
then the H-action on that module will be exactly as described in the theorem. We
showed that there are 2V*! simple #-modules, and there are exactly 2N*! of these
elements wy;, .

Moreover, given the construction of the ideals, each ideal will contain a wy; for
some ], so wn; will generate that ideal. So given any | € {1,...,n}}, arbitrarily
choosei € {0, ..., N} so that M; /M1 is generated by wy;,, and let M := M; /M.
Then {Mj|] € {1,...,n}}is a complete set of simple H-modules. O

4.3 Automorphisms and Duality

In this section, we list some automorphisms and dualities which will be useful in
the next section.

Definition 4.3.1. Let R be a F-algebra. A hom ¢ : R — R is an anti-automorphism
if ¢ satisfies ¢(rs) = @(s)¢p(r) for all r,s € R, together with the remaining ring
homomorphism axioms and F-linearity.

Proposition 4.3.1. (Fayers [3, Proposition 3.2].) There is an automorphism of H given
by

1,[/ thiw thSin/
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and an anti-automorphism given by
X h;’ (4 hi
fori=1,...,n.

Proof. Letus check that i preserves the defining relations for . Recall that wys;wy
= Sy+1-i, SO Y(h;) = hyi1-i. Therefore, (1p(hi))2 = —hy41-; = —P(h;). Furthermore,
if j #i+1, then

Y(hihj) = hpyr-ihns-j = hps-jhpo-i = P(hjh).
This follows since n +1—j # (n +1—1i) £ 1if j # i + 1. Finally, it is easy to see that
Y(hihigihi) = hpo1ibnso-ibn-i = hnso-ihp-ihngo-i = P(hivthihi).
The reader is left to check the same holds for x. O

Now suppose M is an H-module.
We define M to be the module with the same underlying vector space as M, but
with the H-action given by

hm = y(h)m,

forallh € Hand m € M.
We also define M° to be the vector space dual to M, with the H-action given by

(hf)(m) = f(x(h)m),
forallh € H, f € M° and m € M. Finally, we define M° = (M)° = M°.

Proposition 4.3.2. (Fayers [3, Proposition 3.3].) Let | € {1,...,n} and Mj be as in
Theorem 4.2.2. Then My = My and M = (Mj)°.

Proof. If we can prove the first equivalence, then the second follows by definition.
Since M is one-dimensional, (M))" is also one-dimensional and hence, simple. So
dimy (Mj) = dimy((M;j)*), and M and (M;)* have the same H-action. Therefore,
M = (Mj)" and the result follows. o

4.4 Projective and Injective H-Modules

Definition 4.4.1. Let R be an F-algebra. R is Frobenius if there exists a linear map
¢ : R — F such that ker(¢) contains no left or right ideal of R.

Proposition 4.4.1. (Fayers, [3, Proposition 4.1].) H is Frobenius.
Proof. Define ¢ : H — FF by mapping

-1 ifw; = wy,

o (hwi) =

0 otherwise,
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and extending by linearity.
Let Iy and I be left and right ideals of H. We must show that I3, I ¢ ker(¢).
Let i € H be nonzero. We must find j, k € H such that ¢(jh), p(hk) # 0. Write
h = Aohy, + ... + ANhywy and let w; be the element of maximal length such that

hi = hy, has a nonzero coefficient. Let j = h,, -1 and k = hy -1, . Then, by

Corollary 4.1.2, jhy, = hwy = hy,k, since
wnw; w;) = wy) - Cw] w;) = Lwn) + L(w] w;),
because Z(wi‘lwi) = 0. Moreover, if j # i, then jhw]., hwjk # hy)y because
wnw;w)) = lwn) — Lw; w;) # L(wy).
Thus, ¢(jh), ¢p(hk) # 0, s0 ¢(jh), p(hk) ¢ ker(¢), so H is Frobenius. O

Proposition 4.4.2. (Fayers [3, Proposition 4.2].) Let ¢ be the linear map defined in the
proof of Proposition 4.4.1. Then, for any h, j € H, we have ¢p(hj) = ¢(¢P(j)h).

Proof. By linearity, it suffices to only check the case where I = hy, and j = hy,;. By
Corollary 4.1.2, ¢(hj) = 1 if and only if hj = hy,, and hj = hy,, if and only if j =
hw;le Similarly, ¢p(¢(j)h) = 1 if and only if (j) = thw;l. But ¢(j) = hwyw;wy
so ¢(hj) = 1if and only if j = ¢(¢(j)h) = 1. This is because if j = h,,-1,, , then
v(j) = thw;lewN = thwfl' Similarly, if j = thwi—l, then y(j) = hw;le- m|
Lemma 4.4.3. (Benson [1, Proposition 1.6.2].) Lef R be an F-algebra. If R is Frobenius,
then R is self-injective. Moreover, any finitely generated R-module is projective if and only

Proof. We will only prove the lemma for the case where R = H.

Write 3, when considering H as a left #-module and write 3 when consider-
ing H as a right H-module. We showed that # is free, so by Proposition 2.4.1, H is
projective. Therefore, if we show that H = (Hy)", then, by duality, this will imply
that # is injective.

Recall that (Hy)* = Hom(H, F) is a natural left H-module. Define a hom 9 :
uH — (Hu)* givenby 3(h) : j — ¢(jh), where ¢ is the linear map from Proposi-
tion 4.4.1. Then

S(h+1)(j) = ¢(j(h + 1) = p(jh) + $(jh') = S(h) + (W),

so ¥ is a hom. We showed in Proposition 4.4.1 that ¢(jh) # 0 whenever h # 0. Thus,
ker(9) = 0, so 9 is injective. Thus, ¥ must also be surjective, since dimp(yH) =
dimg((Hy)*), as H is finitely generated.

Since H is self-injective, it follows that an H-module M is projective if and only if
M is projective. And, by duality, M"* is projective if and only if M is injective. O

Definition 4.4.2. Let R be an F-algebra. An element e € R is an idempotent if e* = e.
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Note that in ring theory, e is used to denote an idempotent, whereas in group
theory, e is used to denote the identity.

If 9 is a module hom and e is an idempotent, then 9(e) is an idempotent, since
3(e)? = 9(e?) = S(e).

Lemma 4.4.4. (Benson [1, Lemma 1.3.3].) Let R be an F-algebra, M be an R-module
and e be an idempotent in R. Then

eM = Hompg(Re, M).

Proof. Define a map 9 : eM — Homg(Re, M) given by d(em) : re — rem. To see
that 9 is a hom, suppose m,n € M. Then

(S(em +en))(re) = (S(e(m + n)))(re) = re(m + n) = rem +ren = (S(em) + S(en))(re).

Now define 9 : Homg(Re, M) — eM givenby 3(f) = f(e) forall f € Homg(Re, M).
Again, 9 is a hom. Let f, ¢ € Homgr(Re, M). Then

S(f+g)=(f+8)e) = fle) + gle) = 8(f) + 3(3)-

It remains to show 9 and 9 are inverses. Indeed, if f € Homg(Re, M), then f(e) =
f(le) =em, so

(S(fN(re) = 8(f(e))(re) = S(em)(re) = rem = f(em).
And if m € M, then S(8(em)) = em, since S(em) : e > em. O

Proposition 4.4.5. (Fayers [3, Proposition 4.5].) For each simple module Mj of H, we
have .
P(M]) = I(M]).

Hence, for any projective module P of H, we have P° = P.

Proof. Let Mj be any simple #-module. Then M has an injective cover I = I(Mj).
But I is also projective, and since M embeds into I minimally, it follows that I covers
Mj minimally, so I = P(Mj). Thus, by Lemma 2.6.4, soc(P) is simple whenever
P = P(Mj).

Now, by Norton [8, Theorem 4.20], for each subset | of {1,...,n}, there exist
idempotents q; € H such that g are ideals and

H = @HW.
]

Since H is free, Theorem 2.4.2 implies that each # 47 is a projective H-module. More-
over, Hqj is finitely generated, and thus injective, too. Thus, Hq; = P = P(M;) for
the simple H-module Mj.

We then have Hi(q) = P = P(]\_/I]). Also, soc(P)qj is a left ideal of #H (asitis a
submodule of H), so there exists some p € soc(P) such that

0# ¢(pqy) = ¢(Y(qy)p),
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where the first equality holds since # is Frobenius and the second follows from
Proposition 4.4.2. Thus,

0 # Y(gqy)soc(P) = Homgr(Hy(qy), soc(P)) = Homg (P, soc(P)),

by Lemma 3.4.4. So there is a nonzero hom from P to soc(P). And since soc(P)
is simple, there is an isomorphism from soc(P) to the simple submodule Mj of P.
Note that M; < P since P projects on M/, meaning M; embeds into P. Therefore,
M 7 is isomorphic to its 1mage in P, which is a submodule of P. Therefore, P (Mj) =
I(M]) = I((Mj)°), since M] = (Mj)°, by Proposition 4.3.3. Moreover, since H = H°
(by Fayers [3, Proposition 3.4]), it follows that Hq; = (#q;)° for all g;.

Now, consider the case where P is any projective module (so soc(P) is not neces-
sarily simple). Then

P=P1® - 0P,

where soc(P;) is simple for each 1 < i < k. But we showed that this means that
P; = P(Mj,) = I((M},)°) for each P;, where My, ..., Mj, are all simple H-modules.
Finally, since P° is the sum of injective modules with simple socles (as the dual of
P), we have

P° = [(M)°) @+ & I((M,)°),

from which it follows that P = P°. m|
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