Quiz 6: mini problems 1,2,3

Question 1.

Using given plot, comment whether this time series is stationary or non-
stationary.

FRED 2 — Consumer Price Index for All Urban Consumers: Al items in U.S. City Average
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Shading indicates U.S. recessions; the most
recent one is ongoing. Source: U.S. Bureau of Labor Statistics fred.stlouisfed.org

Solution. This time series does not seem to have a constant mean, so it is
a non-stationary time series.

Question 2.

Suppose Y7, ...., Y; is a sample from a time series
Yi=Yia+a, x=0dri1+e
where ¢; is an i.i.d. sequence with zero mean and variance 1 and |¢| < 1.

e (a) Find the 1-step ahead forecast Y;(1) of Y;,1, the forecast error and
the variance of the forecast error.

e (b) Find the 2-step ahead forecast Y;(2) of Y;,4, the forecast error and
the variance of the forecast error.

e (c) Suggest a forecast for Y, o.



Solution. (a) We have
Yo=Y, + X1

Note that
E[Xin|F] = E[¢pX: + eea|Fi] = ¢ X;.

Thus

Yt<1) = E[Yt+1|Ft]
ElY, + Xi1|F]
EY|F] + E[X|F]
= Y, + ¢X,.

The 1-step ahead forecast errors is

(1) = Y —Yi(1)
= Y+ X — Y +0Xy)

= Et+1-
The variance of the 1-step ahead forecast errors is
Var(e (1)) = Var(giy1) = o2,

(b) We have
Yiro = Yig1 + T2

Note that
Elziys|F) = El¢pxiitea|F] = El@ni |F+Eleia|F] = ¢E[x1|Fy| = ¢y
Thus

Yt(Q) = E[Yt+2|Ft]
= EYi1 + 20| F
= E[Yi|F] + Elzee|F] = Yi(1) + £4(2)
= Y+ ou+ 0w =Y+ 24(d+¢) = Vi + (Y = Yia) (0 + ¢%)

since r; =Y, — Y,_1.



The 2-step ahead forecast errors is

e(2) = Yo — 1A/t(z) R
Vi + i — (Yi(1) + 24(2))
= (Yo = Yi(1)) + (w42 — 24(2)).

We showed that R
€t(1) =Y — Yt(l) = Et41-
We have

T2 — jt(2) = Xypo — ¢2$t = Q41 + Erg2 — ¢2$t = qb(gbxt + 5t+1) + €ty — ¢2$t

= Q441 + Erya-
Therefore,
e(2) = e+ oe e =11+ @) + p0.

The variance of the 2-step ahead forecast errors is
Var(e,(2)) = Var(ep (14+0) +ers2) = Var (e (1+4¢))+Var(er2) = (1+6¢)*07 407

(c) Since Y; is a unit root time series, forecasting Y; o9, 20- step ahead would
produce a large forecast error. So, not good forecast can be suggested.



Question 3.

Consider time series
Yi=p+Y 1 +e,

where ¢; is a white noise sequence with zero mean and variance 1. Suppose
that Yy = 1.

e Find E[Y]]
o Var(y;).

Solution.
(a) We can write write
Vi = p+Yiatea=p+(p+Yiot+e)+e
= 2u+Y, o+ t+g
= 3u+Yizteote1te

= tﬂ+%+8t+€t_2+5t_1+61
= t/ll—i-1+Et+€t,2+€t,1+...+51,

since Yy = 1. Then

ElY,] = FElut+1+e+eo+...+¢]
= pt+ 1+ Elet] + Eler—a] + ... + E[e4]
= put+14+0+0+...4+0=pt+1.

(b)
Var(Y;) = E[(Y; - EY))?| = El(tu+1+e +e1+eot .. +e—pt —1)%
= E[(Eft + &1+ ...+ 51)2]
= Elg]]+Elel)+..+E[E]=02+02+...+0°=to?
noting that ¢; is a white noise and therefore
E[&iﬁj] =0ifs 7& j;
Eleigj) = o2 if i =j.

(c) By definition,
Cou(¥;, Y,) = B((Y, — E[Y)(Y, — E[YJ)]
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Let t > s.
Since E[Y;] = ut + 1 and

Y, —EY) | =e+ 61+ 0+ ... + €1,
we obtain

Cov(Y,,Ys) = Elles+e1+...+e1)(es+eso1+ ... +1)
({es+err+ .. +eb+{esmi+...+teal)(es+es1+ ... +e1)

E(
= Elles+e1+ ... +e) ]+ Ellcopr + ... +e1)(es + 1+ ... +61)]

2

— 2 —
= so.+0=so;.

Therefore
Cov(Y;,Y,) = so? = min(t, s)o?2.



