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① For radial timeline geodesics , we have
2- - fi - 2tM)EtI÷q = - 1

Since 0ft =0 ⇒ (1- 2Gt ) 't = E

is conserved
. Using this in 2 we get

← -

+ =
-1

⇒ ii.f-of )In% -
' I

= E
'
- (1-261)

Thus
, date E2tI)

t

lingering geodesics

betting E = 1
,
we have that the imaging

radial geodesics satisfy ,



If = - 26¥
Have the proper

time is given by

1¥ = . -- -I:# =⇐a"

② Consider the ken metric : ( f- 1)

ds' = - A-[m0dE , 4M#EiO dtdfo

+ lr4otIAimO simo dft + In dry -2 do
'

(Note that I -2Mr = ritawill -2Mt

= r 't of-2Mt - a'simo = A - oEsimO

The metric can be written as fellows :

d5 = -ATE.DE
(a4r4'- at Asim'll

+ h4aYAsi simofdlo -µ%IdtY
1- ¥ dry [ do

'



Following what we did fn sohw
,
we seek

a coordinate transformation to cancel the

dire town in the metric
.

Then
, we

consider

do = dt + Ih¥dr
Blame of the notation

, we ahr have

to
. tnmnsf.mn the angle to if we wish

to get aid off the dra town
.

Then
,

DX = dtt III dv

Not that the unknown function In and fa
can only depend on r

,
otherwise this

wouldn't be a proper
coordinate transformation .

Demanding that the owned term in the

metric drill has coefficient 2 uniquely

fixes f. Ir) and fair ) . We have

dt = ow - rY¥ dr
dlo = DX - § dr



and the metric becomes :

de = - A-a¥O chi + 2 dvdr

- 2 animo lr4[A) drdX - 2asinOdXdr

+ lr4a4t[Aasin simo DX
'

+ I D8

Note that there is no dri term in

the metric
,
as infected since N is a

null coordinate
.

You can check that this metric is regular
and invertible at A = 0

.

Consider radial mill geodesics on the

equatorial plane : I = 0 = 0
,
0=172

⇒ 2 = - Ajit + 2 irir = 0 for null goods .

if - Emir -124=0



is = 0 ⇒ v = wmot
.

→ imgoing
mad gods .

-£ii+2r=o ⇒ If = II =IIIr
→ outgoing null goods .

We see that at r=r+ 1 longest real root

of A) the light comes tilt inwards .

③
dsa = - Vdtht 2W dtdlot Xdttt EM44

The inverse metric is :

±÷÷÷:÷:÷:\
Therefore ,
pat = gab at = got =¥+w. I -XS't +WS4 )



gabpatpbt-gabgatgbt-gttlgttftzgttgttgtt-gi.iolgttt
= - X

Txtva
The four- velocity of the locally non- rotating
observers is then :

na = pat 1- FX5E-1WS:)ftp.t#=vIIvxtWT
The angular momentum of such observers is

:L
= with = gab with)b =
=

get htt gant =
=f- f-WXTXW ) = 0
XIVXTWY

In terms of proper
time T

,
we have it =ua

,

and hence

E=ut=jX← ,
to =ut=WX1H-1WYVXIVXTWT

Then
, d¥ = If = - ¥



④ Recall the formula fn the surface gravity
given in

the notes : XapaXb = * Xb

We have

X[aDbXg = 0 on the horizon .

Using killing 's equation
a XD = 0 ⇒ DBX , = - RXb

⇒ X-tapbX.is = XaPbXctXcDaXbtXbRXa=0

⇒ X. DaXb = - 2XeaRbsXc on the horizon .

Contracting with Dax
's
we find

X. 117" Xb)lDaXb) = - 2lXaDaXb)lDbXc)

= - 2k XbpbXc

= -242 Xc

⇒ we = -£ ( D"Xb)lDaXb) on the horizon .



⑤ Recall the mall coordinates adapted to

imaging
and outgoing null geodesics :

v= tt * ⇒ do = dttdt

u= t - r* ⇒ du = dt- HI
fH

where flr) = 1- 2tM fn Schwarzschild .
The

inverse relations are :

dt = I Idvtdu )

4¥, =L ( du - du )

Substituting them in the Schwarzschild
mimetic

gives
ds' = - fir)dt't drift, + r'd
= - 8¥ ( dvtdu)'tf¥ ( do - dutt *don't,
= - flr) dvduttds.tn

which coincides with the form of the metric given
in the notes

.



⑥ In the limeansed theory we have

fab = Iab t hab t Oth)

gab = gab - hab t 01h') when hab =L"1bd kid

Then
,

g
"

gab = ( qu - ha't 01W ) Irfbthcbt 01h47
= 8bthY - hybtolh)
= Sab t Oth )

⑦ First we have to compute the Christoffel
in the timeannul approximation :

gab
= Iab -1 hab t 01h21

gab = gab - hab t 01h')
when indices are raised and lowered with fab .

Then
, the Christoffel one :

Nbc = £ gadtfbgcdtrdcgbd - 0dg be )
= I had lashed -12 hbd - rddhbc ) t Oth)

since rdatfbc = 0



The linearised Niemann tensor is :

Rabid = gae the bed
= gaelkrebd-sdrebcttegcrf.ae - Reger%)
= Yae ( for ebd

- far%)

= £2 ( tbhdat 2dXba - rdahbd)
- faith heat #ba- Khloe )

= £(fb2hadt2fdhbc -22hm - 2sIdhca)
+ 044

when we have used that M - oth)

The Ricci tensor at linear order in hab is :

Rbd = Y
" Rabid

= JQbhd)c - £02 hbd - £2b2dh
where h = 4

" hab
.

From the Ricci town we compute the
timeaniseed thin scalar :

R = Ibd Rbd
= rdbsihbc - 8h when 8=02

.



Then
,
the linearised Einstein tush is :

Gab = Rab - £ lab R

= 04ohm -£ that - I 0a0bh

- £ lab ( Jodha - 8h )

which is the desired result
.

Now consider the transformation :

Iab = hab - I hlfab
I = than = - h

⇒ Iab = hab that lab ⇒ hab -_ Iab -IT4B
The various towns in Gab in terms of

-

hab become :

Isiah b) i = 845hm - [ Oafish
sihab = This - I yab 5h
Oafish = - aa25h

02
' had = 82th ed -£04

8h = - Eh



Putting everything together , we get
Gab = IN -1*51

-It -1*4 that
- flatfooted -1¥ + IT )
= - £ Iab t Isiah b)c- £yab scathed

From which the desired result follows .

⑧ Consider the residual gauge transformations :
Hab → Hab t i ( Ka Xb t Kb Xa - gab k

'A)

The components Hoa transform as

Hoa → Hoa t i ( Ka Xo t ko Xa)

setting this to go we get :
Hoo t 2 i ko Xo = 0 ⇒ Xo = IH00

2KO

Hoi t i ( ki Xot Ko Xi ) = 0

⇒ Xi = iH÷ - ¥:X . = Hoi - Hoo )



This shows that with this residual
gauge freedom

we can achieve the longitudinal gauge .

However
,

mute that the longitudinal part of the

gauge parameter Xa is not fined .
Indeed

,

Ka Xa = Ko Xo t ki Xi = - Ko Xo + Ki Xi

= -

k.fi#og)+iqfkiHoi-kiIoiHoo)---itfIotiq.fkiHoi-III. Hoo)
= - i Hou t Ki Hoi = of- Ko Hoo thi Hoi)
= ( + Ko Hoo t ki Hoi ) = i. ka Hou = 0

since K2 = Kaka = - KI t Kiki = 0

The tradesmen condition fixes the longitudinal
part of Xa :

H = lab Hab → H t i 12K" Xa - 4k' Xc )

= H - 2 i k
' X , = 0

⇒ K' Xc = - iz H



⑨
if
we can ignore

the total derivative
{ 4
" R"ab[h) ) = in f. 28) im compiling the average C.) /

=L I h
" I had - h" so had + ¥ (Oahu ) tahcd )

+ 1g to
hda) tdchda) - I tolda) Haha)

- 1
,

tech ) tech ) - foetid - I odh ) had )
= fish ) +

+ 14 Haha ) (sa hed )
+IH) - I tdhda) 18h ca)
- I
,

10hKoch)

-tha) t Iz Hh ) Hahad) )
= ( I, Haha)

tah" ) - £ Haha) Lohan)
+ I tdh ) I had - £ sah ) )

= f-1
,

h" I had * I hd
"

2d8h ca - I had 22dh
+ f- h Hh )

= ( th
"

f- I sha t sakehas a - I add h )
- f

,

h" 22th + 1
,

h th )



The term in brackets in the first time is

nothing but the linearised Einstein equation in

vacuum :

RY5W = - £ B'hab t 08 cahbx - £sa2sh= 0

The second time can be written as the

linearised Ricci scalar
,
which who vanishes in

vacuum :

th"IhI = gab RY5W = - 8h + Jab hab = 0

⇒ 02h = 8" hab
.

Indeed :

< hi
' RITH) =L - Ghidorah + 14h24 )

= fly hand heat 1, hsih ) = 0

Note : throughout this unsure , we
have

integrated by parts multiple times . We are

allowed to do this when computing averages , see

the disunion around eq . (7-56)



Now we have to compute LR%[D) in terms

of Iab = hab - £ tfabh → hab =

-

hab -I 4abI

Recall that we can ignore
the total derivative

in the second time in 17.48) when computing
the average

L 7
.

The
various towns in RY5W in terms of Iab are :

• hdsasbhcoi-f-hld-ftd-hffoaaiha-fl.dk5h )
= Marika - I#h+I#sh = Tibia,

since I'd led = 4

• hdoidahbd-f-hcd-ffhydjfasihbd-ftfbda.IT )
=Tid22aIbd-¥ib0a2I - I-hJ8ihbc+[h2b2h
⇒ hldsihahbsd-hidrdiha-hbsd-I-hlibtaidih-tzhimca-h.net1

,

-haa25h

• Haha ) tbh" )=fsihu¥4dEh)f5h
"

-14"s5h)
= Hated ) (05h") - that)td5h) -I tah) tbh) + tah)tbh)



= Hatred ) (05h 'd )

• to hd b) 2ha a = foihdb - I sdb Eh)fEh da -Ima Ih)
= (oihd b) tdihda) -£ Tnab) oih -£ tEh)Ehab
+ ¥ lab Is

'T ) tah )

- to hd b) Haha) = foihdb - £ sdbEh) fhihca -14asih)
= tfihd b) tddhca) -1said b)HI -10T) 25ha

2

+ 1
,

tah) tbh) =

= Ioihd b) ttdhca) - lsih) halibut f
,
tah ) tbh)

⇒ (8 hd b) He hasa

= tihd b) trichina -110 12Fhab - ha-ha)
2

- f I loih ) tbh ) - gab th ) tah))

. Ith ) loc hab) = -4th) ( 5hab-£ lab 2T )
= - th ) torch ab) t f gab toh)tEh)

• (ached - Igad h ) Nahb) a = toIid) fault b)d- tzhikitbh)
= ④ child )aIh↳d -I 10Th ) I b)I



Putting everything together ,
LR'%IH) =

=L £Ti%5h
iHIh↳d*ITiib2a#h*£I8hbn - I

,

-h0a25h

+ If taIhdT
-
-

+ told b) trichina -11845125hab- 2ah%D
2
-

-

-fItE ) - tabloid)
- GI - taDt£#hah) ]
- fatherhood -110 5h ) )

= f- 1, tih
" )Is5hca) + f- Chih ) 5h )

- f- tochlthhab ) -1£ ihdb ihaaffloihdbkih.de)
*

Now we me the limeoniscd Einstein
eqs

: im vacuum :

-£82
-

hab -1845hm -£4abJJdTd=0
- {
Oth - sisdhbc =O ⇒ 5h = -2825rad

Then the first turn in the second time can be

written as :



{- I,
tsihllochab) ) =L-11,0'T That ) =

= f- I Had Tea ) Iab) = (+I lsihdthihab)
The second term in the second time

gives:(I Iab ) tdihda) ) = f- I tdhbd) Ida )

=L f- JQ5huet£4bd025heg)Tda )
= ( Yoshida ) sihdatt other ) Iab )

2

=L# bhdc ) that } ④dhbc ) 15h da) -

- { toothed) 5h ab )

=L £ Loch
" ) ( Abhad) + I tkhbd) Lothian)

- £ Lodhi ca) lsihab) )

Therefore ,
the terms in

the second line of &)

que :



(thab
+ tglsiid )tEhaa)t£H:) -£¥#ihaD
-1¥44 )
=L ICHI

" 125had)
Note that here we have symmetrical the

indices la , b) because Ti%Ih) is symmetric
in la

, b) .

Hmm
,
we get
:(RY5H ) =
=L -1

,

tih " ) III.a) + f- Chih ) 5h )

+£124
' ) 25hm )

and have the stun tension is

:(tab -Lh3)= -g% CRIED )

= #afloat
")t5h .ca) -£tEh ) tbh) -1212448ktb)d)

which is the desired result
.



this problem ⑨ is my
hand and

you
should NOT expect that a question

similar to this one will be asked in the

luann .

This problem is only to illustrate how one

does this type of calculations and you
can practise playing with the indices

.



⑧ -

hab = the [ Has ei
"
] = Habwslkx)

with Hab = 0 0 0 0

% %)
and ⇐ www.D

Notice that Iab is already in the transverse

and tanks
gauge

:

5ha = 0
,
I = 0

In this gauge ,
the repression for ltab)

simplifies considerably:(tab ) = gztfg ( located) (Oishi
'
) )

=
+1- kakb Had Hd ( wilk .xD
32176

Note : ( wilkx)) = £
Had Hid = 21 Htt HI )

Ka = wl-1,010,1 ) ,
the minus sign coming

from lowering the index of K
"

.



Therefore, we get
:(tabs = £⇒w4 Hit I!q%%

-

§)
④ given the setup of the problem ,

the

man density of the system is :

f = M [ six ) sly) 812 -Zilttlt 8418g ) Ste -alt)))
with Z, It) = It t sett) ,

Zzltt = - I - Sett) and
SHH = A wslwt )

.

The only mom- vanishing component of the

quadrupole moment tensn of the
energy density is :

Izz = folks Z
'
= 2M ( It Aaslwtt)

'

To compute the power , we
need the tautness

part of the quadruple moment tensor :

Qij = Iij - Is Sij IKK
with Ikn I Inn = Ixxt Iyyt Iet = Izz



0 0

⇒ ai,
" ""I

:# a

"%¥⇐I./ 0 0

From this we wmmpnte :

ij = § MAwssimlwttfl -18 Awslwtt) ( ! ! )
is
I
= § AM

'

w
'
sin Iwt) ( LT8A wslwt) )

'

( j D= sfttmhiftlsinlwth t
+
16LA ( simlwt) wslwt))

+
16 A
'

( sinkwt ) ) ]
= ¥ A'M%f ¥ + 8A

'

] = 4g MA't wbftt 16¥ )
when we have used that

( simlwwt)) = I
2

{ simlwttwdwt) ) = tqflwslwtt) - Last3wH)) = 0



{ sinkwt)) = £

Using the quadrupole formula we find :

LP7 -_ § Liii, is

= 5¥ MAN wbftt 16¥ )


