Main Examination period — May/June — Semester B

MTH5105: Differential and Integral
Analysis-SAMPLE

Examiners:

Apart from this page, you are not permitted to read the contents of this
question paper until instructed to do so by an invigilator.

You will have a period of 3 hours to complete the exam and submit your solutions.

You should attempt ALL questions. Marks available are shown next to the
questions.

The exam is closed-book, and no outside notes are allowed.

Calculators are not permitted in this examination. The unauthorised use of a
calculator constitutes an examination offence.

Complete all rough work in the answer book and cross through any work that is not
to be assessed.

Possession of unauthorised material at any time when under examination conditions is an
assessment offence and can lead to expulsion from QMUL. Check now to ensure you do not
have any unauthorised notes, mobile phones, smartwatches or unauthorised electronic devices
on your person. If you do, raise your hand and give them to an invigilator immediately.

It is also an offence to have any writing of any kind on your person, including on your body. If
you are found to have hidden unauthorised material elsewhere, including toilets and
cloakrooms, it will be treated as being found in your possession. Unauthorised material found
on your mobile phone or other electronic device will be considered the same as being in
possession of paper notes. A mobile phone that causes a disruption in the exam is also an
assessment offence.

Exam papers must not be removed from the examination room.
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Question 1 [25 marks].

(a) Let f: (a,b) — R be a real valued function. State the definition for f to be
differentiable at a point = € (a, b). (5]

[book]

Let x € (a,b), f : (a,b) — R. The derivative of f at x is defined as

o) — i LEEN = F) o F ) = f )

h—0 h Tz r—x

If this limit exists then f is differentiable at x.

(b) Consider the following function, g : (0, 00) — R given by

Using the definition of derivative, compute the derivative of g. 5]

[book]

hm\/aﬂ—h—\/i_h v +h \/_ Ve +h+z
h—0 h _h—>0 h w/:E—{— _|_\/_

= lim trh-e as h # 0
0 h(Va /)

1 1
m = .
=0z +h+z  2V7

(c¢) Let f: R — R be the function given by

2% sin (x—g) , >0,
J(x) = { 0, z <0.
Is f differentiable? (Fully explain your answer) 5]
[unseen]
We have
— f(0 1
f(a:; — g( ) = xsm;
Note that
1
sin s <1
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which gives

1 1
lim zsin — | = lim |zsin —| < lim [z| =0
z—0 2 z—0 2 z—0
hence
£(0) = li Ly 0
= lim | zsin 5 | =0.
(d) State the Mean Value Theorem. 5]

[book]

Suppose that f : [a,b] — R is continuous on [a, b] and differentiable on (a, b).
Then there exists ¢ € (a, b) such that

(e) Let f: R — R be a differentiable function. Show that if | f'(¢)| < M for all c € R
then for all z,y € R we have

[f(z) = f(y)] < Mz —yl. 5]

Without loss of generality, assume that y > x. We then apply the Mean Value
Theorem on [z, y]. We obtain

fly) = f(x) = f{(§)y —x)

for some ¢ € (z,y). This implies that
[f (@) = FWI < [F(Elly — 2| < Mly — =.

[book]

Question 2 [25 marks].

(a) State the definition of a uniformly continuous function. 5]
[book]

Suppose that f: I — R where [ is an interval. We say that f is
uniformly continuous on € if for every € > 0, there exists § = d(g) such that for
all z,y € I where |x —y| < then |f(z) — f(y)| < e. More compactly this means

Ve >030 > 0Wr,y e Q| |z —y|<d = |f(x) — fly)| <e
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(b) Prove that f(z) = 2 is uniformly continuous on [a,2],0 < a < 2. [5]

Let € > 0 be given. Now consider x,y € [a,2]. It follows that

[f(z) = fy)] =

1‘_ [z —yl _ |z —yl

1
vyl eyl T e

as |z, |y| > a. Hence if we choose § = a®¢ then |z — y| < § = a®c implies

Alternatively, the function % is a continuous function on a closed bounded interval
and hence uniformly continuous.

[book]
(c) Let fu(z) = %x”Z, x e [-1,1].
(i) For each = € [—1,1] compute lim,,_, fn(2). 5]
[unseen]
Note that
. i |
lim |f,(z)| = lim < lim — =0.
n—oo n—oo M n—oo M,
Hence we have that f(z) = 0.
(ii) For each z € [—1,1] Let f(x) = lim,,_,o fn(x). Does f,, converge to f
uniformly on [—1,1]7 Justify your answer. 5]
[unseen]
Yes. We have
o)~ 1) = ) = 1 < L
w(2) = f(2)| = |fulz)] = < —.
n n

Hence we we choose € > % orn > % where n is independent of x, we see that
fn converges uniformly to f = 0.

(iii) Show that the following limit exists and compute its value,
1

lim fo(z)dz.
1

n—oo [

5]

[unseen]
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As f,, converges uniformly to f and each f,, is continuous, we may
interchange the integral and limit to get that

1 1 1
li n(z)de = lim f,(z)de= [ 0dz =0.
im 1f(:1c)x / im f,(z)dx / T

n—oo [ 1 o0 1
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Question 3 [25 marks].

(a) State the Inverse Function Theorem. 5]
[book]

Let f be a one-to-one continuous function on an open interval I and let J = f(I).
If f is differentiable at xo € I and if f'(xg) # 0 then f~! is differentiable at

Yo = f(xo) and

(b) Let f(z) = exp(x),z € R. Show that f is invertible and if g(y) = f~'(y) is the
inverse of f, compute the derivative of f~!(y) in terms of y. 5]

[unseen]

Since f'(x) = exp(z) > 0 it follows that f is strictly increasing and therefore f is
injective. We find that if y = f(x) = exp(x) then by the inverse function theorem

(c¢) Let h:(—1,1) — R be the function given by

1
h(z) = :
@) =13
Using any correct method, compute the Taylor series of h about x = 0 together
with its interval of convergence. 7]
[book]

The series is the geometric series for |z| < 1 and the Taylor series coincides with
its power series expansion hence

n 1
Z(_$) S l4x

n=0

Alternative method is simply to compute the derivatives of h to n-th order. In
this case, proving by induction,

d . onl
%h(m) =(-1) Atz

Hence we have that

a
dz™

hiz) = (=1

=0
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Therefore the Taylor series about x = 0 is given by

(k)
Thiz) =) ! k!(o) "

o0

(=)™

k=0

The radius of convergence is then given by

R = lim |7 =1,
n—oo (07%
Therefore R =1. At x =1 and x = —1 the series diverges, hence the interval of
convergence in (—1,1)
(d) Compute the antiderivatives of h. 2]

The antiderivatives if h are given by log(|z + 1]) + ¢.

(e) Using part (d) above give a Taylor expansion for log(1 + x) about = 0 together
with its interval of convergence. 6]

[unseen]

Since > (—x)™ converges uniformly to —— on its interval of convergence, we

1+z
may integrate term by term
o1

log(1+z) = —dt
( ) o 1+t

> (—1)rtnat
n=0
(—1)" / tndt
0

.
n+1 0
(1)t
Al

S—
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WE
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o

[
WE

i
o

The radius of convergence is the same as for h so R = 1. At z = 1 the series
converges as it is an alternating harmonic series and at x = —1 the series diverges
as it is a harmonic series. Hence the interval of convergence is (—1,1].
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Question 4 [20 marks].

(a) State the Mean Value Theorem for Integrals. 5]
[book]

Let f be a continuous function on [a, b] then there exists ¢ € [a, b] such that

b
| #arda = 100~ o)

(b) Consider the function g : [0,1] — R, g(z) = x.

(i) Show that ¢ is Riemann integrable. 2]
[book]

g is a continuous function on a closed bounded interval [0, 1] and hence is
Riemann integrable.

(ii) Show that the upper sum U(g, P,) of g for the equidistant partition

k
Pn:{m():O,---,xk:—,---,xnzl}. 6]
n

satisfies lim,, .. U(g, P,,) = %

(You may use the formula, > ) _ k= @, or any other correct method.)
We find that as A = %

k

M= sup gla) = ©

(A=l k]
Therefore

Ulg, P) = Y My(wy — 1)
k=1

"k
n?
k=1
n(n+1)
2n?

Therefore

lim U(g, P,) = lim —————~ =

n—00 n—o0 n

[seen]
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(iii) Using part (i) and (ii) compute the integral fol g(x)dz. 2]

Since ¢ is Riemann integrable we have fol g(z)dz = lim, o U(g, P,) = 3.

[unseen]

For the remainder of this question, let f : [a,b] — R denote a continuous function.

(c¢) Let F,G be antiderivatives of f. What is the relation between F' and G?

[book]

If G'(x) = f(z) on (a,b) then we have G' — F' = (G — F)' = f — f = 0 so that
G — F =cso G=F +c, where c € R. Hence F' and G differ by a constant. Also
this gives us

b
/ f(z)dx = G(b) — G(a) = F(b)+ c— F(a) —c = F(b) — F(a).

(d) Let f:R — R and denote by H the following function,

r+1
H(z) = / S

Show that H is differentiable and find its derivative. 5]

[unseen]

Since f is continuous on R we let F' be an antiderivative of f. This implies that
z+1
/ h(t)dt = F(x +1) — F(x — 1) = H(x).
z—1

As F' is a differentiable function, so is H. Finally computing the derivative using
the chain rule, we get

H(z)=F(x+1)— F'(z—1)
=flx+1)— f(x—1).

End of Paper.
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