
Recap quiz

Consider 2-player zero-sum game
Colin

4 (2 Le

i r
, 1 23

call this payoff

rz 3 - 2 -
Matrix A = aij

What is the expected payoff to Rosemany/Colin
it
Rosemary plays mixed strategy (= (E) E)
Colin plays == (tz ,=)

Expected payoff to Rosemary

= EXEX1 + ExEx + Ex* =C

+2xEx (3) + zxEx ( 21 + 2xEx ()
Expected Psych to Colin = -0 = 0

What is the expected payoff to Rosemary if

Rosemony plays mixed strategy ( =(i)
Colin plays pure strategy 3 i. e. 1 = (0

,
0

, 1)

expected pay to Rosemay = AI

= tx1 x 3 = (3) TA) s
+&x(x - 1



Recall Consider 2-player zero-sum game
with R = Ev, . . ., r23 set of Rosemary's strategies

C = Esc .. <3 Set of
Colin's strategies

A = Aij

It Rosemary plays Mixed strategy 2
=S ..., R) =AIR)

Colin plays 1 = (1( ) ..., Yr) =A(C)

then expected payoff to Rosemary is CAI

Colon is -eTAY

It Rosercy plays mixed strategy EAIR)
Colin plays pure strategy

<
;

equivalently 2 = Co
, ...
0
,

1
,

0
, ..., %)

↑= ej jth entry-

then expected payoff to Rosemay is (CTA)e) = (CTA);

Intuitively , the security level for FAIR) is
least expected payoff to Rosemany if she
Plays , i.e.

min TA-

EA(C)
Difficult to use this to compute security of2

Next lemma simplifies above expression,



cem With previous setup smallest entry
-

(1) For any fixed EACR) K
in TA

-A1 =
min (TA);min T

1 A(C) CjEC

(2) For any
fixed EACC)

may Al = may (A2) :
GAIR) riER

A

largest enty
in A

Et Comitted

Deta With previous setup

The security level for Rosemary's mixed strategy
EAIR) is

min (TA) ; =min ( ais)
CjEC

the security level for Colin's mixed strategy
IEA(C) is

max (A2); =

max (E )riER



Deta With previous setup

The security level for Rosemary's mixed strategy
EAIR)

min (TA) ; =min ( ais)
CjEC

the security level for Colin's mixed strategy
1 A(C)

(2)= man isi
Example Colin

h [ Find security level for

!, Rosemary's mixed strategy.

I =(5 ; )

Ans : expected payoff to Rocemay if Colin plays h is

& x 1 + Ex (- 1) = - t

expected payoff to Roseman it Colin playt is
5x(- 1) + =x1 = b

security level of 1 is min (-515) =

-
.



Recall : What is pure Nash equilibrium

C
,
(2 ... (j .. - Ch

r
,

ru

, Hij

:

Tk

In words

Cri
, (j) is a pure Nash equilibrium it
(C 2) is a mixed Nash equilibrium

if
X
-

Rosemary has no incentive to change her strategy ri
I

assuming Colin stays at C j and

I

Colin has no incentive to change his strategy (i
x

assuming Rosemay stays at ri
expected payoff is STAY

Deth Consider a 2-player zero-sum game

with payoff matrix A.
(1,1) with EAIR) and EA(C) is a

ixed) Nash equilibrium if
A TAL CLEAR)

and CALEA2 IEA()



Following theorem makes it easier to check it

(1) is a mixed) Nash equilibrium
,

Thm Given 2-player, zero-sum game with payoff
matrix

A
, let EAIR) and LEA(C)

be mixed strategies ,

and let

u(2) be security level for e
= Min (CTA);

U(1) be security level for 1 =

max (A2) :

Then (2 , 1) is a mixed Nash equilibrium it and only if

u(2) = U(y)

Example
C (2 set 2 = (E(z) )

2 = (l(z)
ri I 3 Show (2 ,2) is Nash equilibrium
12 4 I

security for : payoff it Colin plays
C C

Ex) + 2x4 = E 2x3 + zx2 = E

Securityct 2 = min(, ) =E

security tory : payoff it Rosemary plays
r

,
Mu

Ex1 + 2x3 = E x 4 + 2x2= 52

security of 1 =

max(,) = E
( , 1) is a (mixed) Nash equilibrium by theorem above

since security levels of 2 and I are equal.



Thm Given 2-player, zero-sum game with payoff matrix

A
, let EAIR) and LEA(C)

be mixed strategies ,

and let

u (2) be security level for e
= min (CTA);

U(1) be security level for 1 = max (A2) :
i

Then (2 , 1) is a Nash equilibrium it and only it

u(2) = U(y)

① ②

-
C Emax = u(2)Up) =min T he AAde

defi
↓ lemma ↓ lemma

It (1) = U(2) then 0 and&
hold with equality

② with equality says Rosemary has no incentive
to change from

① with equality says Colin has no incentive +o

change from
Hence ( , 1) is a Nash equilibrium.

It (2 , 1) is (mixed) Nash equilibrium then

Rasemay has no incentive to change lie & holds with
equality (

Colin has
no incentive to change (i . e. O holds with

equality)
so 4(11) = U (1). L



know how to compute security level for a particular
mixed strategy
How do we find mixed strategy with best
security level ? optimal mixed strategy

means mixed strategy
Colin

With best security level
For Rosemary this ise the mixed strategy with

highest security and

Let z = (,2,3) be a mixed strategy
for Colin, the

lowest

for Rosemary.

security of 22 : expected payoth if Colin plays
= 2x) - 372 + 30y

expected payoff if Colin plays I
== 3x , + 472 -5

security level of 2 = Min (20 - 32 + 333, - 3x, + 4x2 - 533)
want to find with maximum security level

maximise min (21-32 + 33)
- 3 +43- 52(z)

subject to x
, + + 3 = 1

x,2 ,
xz

, O

Equivalent LP (see end of week 8)

maximize 2

Sub to 2E224 - 372 + y>

2E - 3x, + 4x2 - 53

x, + xz + xz =/

, , ,O,
I unrestricted.

Optimal solution (, , ,2) to this LP gives the

mixed strategy (, ,3)
with highest security level

for

Rosemary, and2 gives security level of that
mixed strategy

Write uP to find Colin's mixed strategy with best(lowest)
security level,

7



Colin

e
Colin : let (2, 72)

be mixed strategy for Colin.

expected payoff it Roserny plays 1 : 24-372

2 : -34/ + 6y2

3 : 441 - 542

security level for 1 = max (231-342 , - 331 + 472 /
44

,
- 572)

2 With best (lowest) security given by

minimise max (231-342 , - 331 + 472 ,
43

,
- 572)

2 A(C)

LP : minimise t

sub to t < , 27) - 372

tu - 3y ,
+4)

-

471 - 542

y
, + 72 + yz = 1

Y
, 42 , 430 ,

t unrestricted,

Rosemay's and Colin's LPs turn out to be
dual of each other.



In general itRosemary has strategies R = Eri ---

> rn3

Colin C = G( , 1
. . .

, <my
A = Gij is payoff matrix

It Rosemay plays 1 = (1) .
. ., n) EA(R)

and Colin plays

Expected payoff to Rosemary = a
,j + 92jC2 +... + Anj0n

security of 22 is u() = Min (aijd ,
+ anjt ... + anjxn)

CjEC

Best security level for Rosemary

max U() = may S min aj + 92jxz + ... + Anjan)
EA(R) EAR) CIEC

i .e . sche max [min Gje + 92; ut .. Angus
Sub to <

, + x2t ... + n = /

x
,, xzj = Cn], C

Equivalent LP is

maximize

Sub to 2 = 9
,j , + 92j2 + .. - + anjjj = k . ym

x
, + x2 + .. - + Dn = 1

x, , 2 , ... , n2 0, 2
unrestricted

,

n + 1 variables
mt) constraints.



can similarly check that best security level for
Colin given by following LP

minimise t

sub C + / Ai ,
Y
, 92 ...Aim

if i

Y , + y2 + ... + ym =

Y / 12 ..., Ym70,
t unrestricted,

m+ Variables

n+ constraints

Proposition Rosemary's and Colin's LPs for

finding best security levels are dual
to each other.

Suppose (x, , . .

,
pn
,2) is optimal solution to

Rosemary's LP
(413..., Ymst) is optimal solution

to

Colin's LP
I

ther (5 .< n) is mixed strategy for Rosemany
with best security level z= U(8)

and 10 .., ym) is mixed strategy for Colin with
best security level t = U (2)

strong duality theorem says 2 = t i . e. u(z) = u(y)

= (by earlier thm) (2 , 1) is a Nash equilibrium



Have proved

Im Every 2-player zero-sum game
has a

(mixed) Nash equilibrium,

Remarks

- For 2-player zero-sum games, have seen
that

we sometimes have no pule Nash equilibrium ,
but

always have a mixed Nash equilibrium i . e. can

always get stability if we allow random strategies.

- In fact
,
John Nash showed that any 2-player

game (not necessarily zero-sum) has
a mixed

Nash equilibrium. We will not prove this,

but will look again briefly at general 2-player

games next
week

.


