MTH 4104 Example Sheet V Solutions Shu SASAKI

(12345 6 7 8 9 10 11
£ \5 82096107 111 4 3
! =(116793101)(82)(54),

goh=(1463)(21159710),
hlogoh=(1531147)(26108).

V-1. (a)

(b)

(¢) The order of a cycle is the length of the cycle. The order of an element g in S, is the LCM
of the orders of the cycles in g. With these in mind, the order of g is lem(6,4) = 12 and the order
of "t ogohislem(6,4) = 12.

In fact, (k" ogoh)” = (htogoh)o---o(h togoh) =h~tog oh. It therefore follows that
g" = lifandonlyif (A 'ogoh) = h~togoh = 1,iec. the order of g equals the order of A1 ogoh.

V-2. If g is a permutation in §, of order 7, then it is a product of cycles of length ¢4, . . ., £, (all
> 1), such that 44 + -+ - + ¢, = nand lem(4y, ..., £;) = r. If no such integers exist, there is no
permutation of order s. If; on the other hand, such ¢4, ..., ¢, exist, then it might be possible (not

guaranteed!) that a permutation of order s exists. (a) For LCM to be 14, there has to be a cycle
divisible by 7. If the order is 7, then there can be one more cycle of order 1 only (since n = 8) and
lem(7,1) = 7, not 14. Hence there is no permutation of order 14. (b) It seems ¢; = 5,0y = 3
define a possible cycle type. Indeed (1234 5)(678) is an example. (¢) Since lem(fy, ..., 4) = 24,
any one of £y, ..., £; would be a power of 2. In fact, there has to be a cycle of order 2%, However,
2% > 8 hence there cannot be a permutation of order 16.

V-3.No. (a*b)xc=d*xc=abutax(bxc)=axd=c.

V-4. We check the group axioms. (GO) If x and y are integers, thensoisx *y = x+y + L.
(Gl) (xxy)*xz2=(x+y+1)xz=x+y+ 142+ 1 On the other hand, x * (y x 2) =
x*(y+z+4+1) =x+y+z+1+1 They are equal. (G2) We must find an integer e which satisfies
xke=exx=x,iec x+e+1=ux Soeisinevitably —1. Indeed, x* (—1) =x+ (1) +1=x
and (—1) *x = (—=1) + x+ 1 = x. (G3) Given x, we must find y such that x x y = —1, ie.
x+y+1=—-1liey=—x—2 Indeed, x5 (—x—2) =x—x—2+1= —1(=¢) and
(—x—2)*xx=—x—24+x+1=—1(=e).



