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Question 1. [10 marks] Find all complex solutions z to the equation

22 =-3V3

and write them in the form z = a + bi fora,b € R.

Solution We work in Euler’s notation. The complex number —3y3 = —3v/3+0iis
written as re? by taking r = | — 3v/3| = 3v/3and cos§ = —3v/3/r = —1s06 = 7, up
to multiples of 271. Write z = se'? where s = |z| and ¢ = arg(z). Then we have

33l — (Seiqo)3 — 3\/§ein

whence
s>=3v3 and 3¢ =+ 2km for some integer k,

thatiss = (3\/3)1/3 = /3 and

(P /3/ /3/

where the three values written out suffice to give the four distinct solutions
z=13e""3, z=1+/3¢" and z=/3"/3,

In standard form these are

z:\/Tg—l—gi, z=—-v3, and z=

S
I

N W
.

Question 1 is standard, appearing with different constants in the notes and
coursework.

Question 2. [12 marks]
(a) Define what it means for A = {Aq, Ay, ...} to be a partition of a set X. [3]
(b) Let A be a partition of X. Prove that
R ={(x,y) € X : there exists i such that x € A;and y € A; }
is an equivalence relation on X. [6]

(c) Write down a partition of Z into three parts, exactly two of which are infinite. ~ [3]
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Solution (a) A partition of X is a collection { A1, Ay, ...} of subsets of X, called its
parts, having the following properties:
(i) A; # @ foralli;
(i) A;NA;=Qforalli # j;
(iii)) AAUAU .- = X.

[This is as given in the lecture notes. It implicitly assumes the set of parts is
countable; for exam purposes I don’t care about that restriction.]

(b)
e x and x lie in the same part of the partition, so R is reflexive.

e If x and y lie in the same part of the partition, then so do y and x; so R is
symmetric.

e Suppose that x and y lie in the same part A; of the partition, and y and z lie in
the same part A;. Theny € A;andy € Aj, soy € A; N Aj; so we must have
A; = Aj (since different parts are disjoint). Thus x and z both lie in A;. So R is
transitive.

(c) One answeris {{a € Z:a < 0},{0},{a e Z:a>0}}.

Of Question 2, parts (a,b) are bookwork and part (c) is unseen.

Question 3. [13 marks]
(a) Define the divisibility relation | on the set of natural numbers. [2]

(b) A relation R on a set X is said to be antisymmetric if the following condition
holds: For all elements a,b € X, if a Rb and b R a both hold then a = b. Prove
that | is antisymmetric. [5]

(c) Define the least common multiple of two nonzero natural numbers. [2]

(d) Compute the least common multiple of 336 = 2*-3 -7 and 180 = 22.32.5,
Include an explanation of your method. [If you cite facts from lectures or
coursework, you need not prove them.] [4]
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Solution (a) | is the set
{(a,b) € N? : there exists k € IN such that b = ka}.

(b) Let a and b be natural numbers so that a | b and b | a. By definition, this implies
there are natural numbers k and ¢ so that b = ka and a = ¢b. Substituting the second
equation into the first shows a = ¢(ka). Assume as one of two cases that a # 0. Then
1 = ¢k, and the only way to factorise 1 as a product of two natural numbersis 1-1, so
k = ¢ =1, which implies that a = b. In the other case, 2 = 0, we have b = k0 = 0, so
a = b in this case as well.

(c) The natural number m is a common multiple of a and b if both a | m and b | m. It
is the least common multiple if it is a common multiple which is less than any other
common multiple.

(d) For each prime p, the exponent of p in the prime factorisation of lem(a, b) is the
maximum of the exponents of p appearing in the factorisations of a and of b.
Therefore the Icm sought in this question is 24 - 32 - 51 . 71 = 5040.

Of Question 3, parts (a,c) are bookwork, (b) is coursework, and (d) appeared in
lecture with different numbers.

Question 4. [24 marks]

(a) Write down the multiplicative inverse law for a ring R. [Pay attention to the

quantifiers (“for all”, “there exists”) and other conditions in the law.] [3]
ompute the multiplicative inverse o 43 In Z43. Show your working.
(b) Comp h Itiplicative i f [23]43 in Z43. Show y king [14]
. . 1. . . . [15]43 [14]43 .
(c) Find a multiplicative inverse of the matrix { 4 [11]a in Mp(Zy3).

[7]
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Solution (a) For each a € R which is not equal to 0, there exists an element b € R
such that ab = ba = 1.
(b) We use the extended Euclidean algorithm.

20=43—-1-23
3=23-1-20
2=20—-6-3
1=3-1-2
0=2-2-1
Then
1=3-1-2
=3-1-(20—6-3)
=—-1-204+7-3
=-1-20+7-(23-1-20)
=7-23—-8-20
=7-23—-8-(43—-1-23)
= —8:43+415-23.

So 23], = [15]45.
(c) Because Z3 is a field, the familiar adjoint formula for inverting 2 x 2 matrices
holds: if A is the given matrix, then

L L1 [ —[14]
A1 = (detA)™! [_[4]%133 [15]4;43] '

Here det(A) = [15]43[11]43 — [14]43 [4]43 = [15 -11—-14 - 4]43 = [109]43 = [23]43, whose
inverse we have just computed to be [15]43. Thus

-1 [11] —[14] o [165] [—210] o [36] [5]
At = s | e el = |10 L0 = [ foi)-

Of question 4, part (a) is bookwork, part (b) a standard algorithm, and being able to
do the computation of part (c) is implicit in some coursework questions.

Question 5. [12 marks]

(a) Give the names of all the axioms that must hold in a field. You do not have to
write out what the axioms say. [4]

(b) Write down the definition of the field C of complex numbers. You should
include a specification of the elements of C and of its addition and
multiplication operations. [You may assume the definition of R is understood.] [4]

(c) Using your definition in part (b), prove that C satisfies the commutative law for
multiplication. [You may assume that IR is a field.] [4]
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Solution (a) A field must satisfy the closure, associative, identity, inverse, and
commutative laws for addition; the closure, associative, identity, inverse, and
commutative laws for multiplication; and the distributive law and nontriviality law.
(b) The field C of complex numbers has set of elements

{a+bi:abecR}
and addition and mutiplication operations defined by

(a+bi)+ (c+di):=(a+c)+ (b+4d)i,
(a+0bi) - (c+di):= (ac — bd) + (ad + be)i.

(c) We must prove that
Xy = yx
for complex numbers x = a + bi and y = c 4 di. The left hand side is
(a4 bi)(c+di) = (ac — bd) + (ad + be)i
while the right hand side is
(c+di)(a+ bi) = (ca —db) + (cb + da)i

which are equal, by the commutative laws for the real numbers.

Question 5 is wholly bookwork.

Question 6. [14 marks]
(a) Let R be a ring. Give the definition of polynomial in x with coefficients in R.  [2]
(b) Define the degree of a polynomial. [2]

(c) Let f(x) and g(x) be nonzero polynomials in R[x], of degrees m and 7,
respectively. Prove that deg(f(x) g(x)) = m + n. [5]

(d) Give a counterexample to the multiplicative inverse law for the ring R|[x] of
polynomials in x with real coefficients. Explain why your counterexample
works. [5]
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Solution (a) Let R be a ring and x a formal symbol. A polynomial in x with
coefficients in R is an expression

f(x) = apx" + ay_1x" 1+ +agx + ag
where ag, a4, ...,a,_1,a, are elements of R.
(b) The degree of the polynomial f(x) above, if f(x) # 0, is the greatest i such that
a; 75 0.
[We leave the degree of the zero polynomial undefined.]
(c) By the assumption on their degrees, f and g can be written out as

fzamxm+---+a1x+ao,
g="bux"+ -+ bix+ by

where ay, ..., a, and by, .. ., b, are complex numbers with a,, # 0 and b,, # 0.

By def1n1t10n the product fg is the sum of all products of a term of f and a term of g.
A term of f has the form a;x' for some natural number i, and a term of g the form b; x
for some natural number j; the product of these two is 4; b x't. Since i < m and | Ji § n,
the exponent in the product is at most m + n, and it can only equal m +nifi = mand
j = n. Therefore the only term of fg with an ™" in it is a,,b,x™*", and there are no
terms with higher exponents of x. Since a,, and b,, are nonzero, their product is also
nonzero. That is, x™*" has a nonzero coefficient in fg, and all higher powers of x
have zero coefficients (they don’t appear). This proves deg(fg) = m + n.

(d) The polynomial x has no inverse in R[x]. The zero polynomial cannot be its
inverse, and if f € R[x] is nonzero then deg(xf) = 1 + deg(f) by part (d), which
cannot equal 0 = deg(1).

Of Question 6, parts (a,b,d) are bookwork and part (c) is coursework.

Question 7. [15 marks]

(a) Define what it means for a set G with a binary operation * to be a group.
Include statements of any axioms you invoke, not just their names. [3]

(b) Let K be the set of integers with the operation o defined by
xoy=x+y+1

Prove that K with the operation o is a group. [6]
(c) Let H be a subset of a group (G, ). Define what it means for H to be a
subgroup of G. [2]
(d) Specity a proper subgroup of the additive group Zg. The Cayley table of Z is
provided below. (4]
+ 106 [1e [2]6 [3]6 [4]6e [5]s
06 [ [O]6 [1]6 [2]6 [3l6 [4]6 [5]e
[ | [Le [2]6 [3l6 [4le [5]e [O6
2]6 | [2]6 [3]6 [4le [5le [0]6 [L]e
Ble | Ble [4]6 [5]6 [0l [1e [2]e
[4]6 | [4]6 [5]6 [0l6 [1l6 [2]6 [3]e
[5l6 | [Ble [0]6 [1l6 [2l6 [3le [4]6
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Solution (a) (G, ) is a group if the following axioms are satisfied:
Closure law: forall a,b € G, wehavea*xb € G.
Associative law: for all a,b,¢c € G, wehaveax (bxc) = (a*Db) xc.

Identity law: there is an element ¢ € G (called the identity) such that
axe=exa=aforanya € G.

Inverse law: for all 2 € G, there exists b € G such thata«b = b xa = e, where e is
the identity. The element b is called the inverse of a, written a*.

(b) We must prove the group axioms.

Closure. We must check that a o b is actually an element of G, if a and b are elements
of G. This is clear: if 4 and b are integers, soisa + b + 1.

Associativity. We must show that

(aob)oc=uao(boc).

The left side is
(aob)oc=(a+b+1)oc=a+b+1+c+1

and the right side is
ao(boc)=ao(b+c+1)=a+b+c+1+1,

which are equal.
Identity. We must find an element e € G suchthataoce=a =ceoaforalla € G. Itis
easy to see by solving the resulting equation that e = —1 works, for then

aoe=a+(-1)+1=a

and
eoa=(-1)4+a+1=a
foranya € G.
Inverses. We must show that for any a € G, thereis a b € G such that
aob =e=boa, wheree = —1 is the identity element we found in the previous part.

Again, solving the equations that result quickly leads to identifying b = —a — 2 as the
inverse of a. This works because

aob=a+(—a—-2)+1=—-1=e
and
boa=(—a—-2)+a+1=—-1=e.

(c) H is a subgroup of G if is it a nonempty subset closed under * and taking inverses
(with respect to *).

(d) There are three proper subgroups: {[0]¢}, {[0]s, [3]6}, and {[0]s, [2]6, [4]6}- (Z6
itself is a subgroup but not proper.)

Of Question 7, parts (a,c) are bookwork, (b) is coursework and (d) is strictly speaking
unseen.
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End of Paper.
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